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7w scattering as a test of Ny =2 \PT
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7w scattering

@ The best test of Ny = 2 xPT (m, 4 — 0, ms physical)
@ Tested experimentally through 77 (re)scattering
@ Pionic atoms, cusp in K — 3, Ky
* ¢ et |
2010: final analysis of high-precision  dipion,/ o /7, \dilepton
data from NA48/2 K* — rtr—(*v . N\ '

T |V

@ Angular analysis: interference between S and P waves
@ In isospin limit, related to phase shift difference 63 — 61 (6)) of wr
scattering amplitude

@ which can be compared to a dispersive representation (Roy
equations) to extract scattering lengths a3 and a3

@ to be compared to predictions from Ny = 2 yPT
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Phase shifts
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[Eur.Phys.J.C70:635-657,2010]

Gasser & Rusetsky : at this level of accuracy, isospin breaking matters
Experiment treat real & virtual photons, but not mass effects
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Isospin-breaking corrections
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@ Mass differences : phase space, M,.+ # M,o, 7%-n mixing in loops
@ Difference between §g in Ky and 68 in isospin limit estimated
using one-loop xPT [Colangelo, Gasser, Rusetsky]
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Isospin-breaking corrections
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@ Mass differences : phase space, M,.+ # M,o, 7%-n mixing in loops

@ Difference between §g in Ky and 68 in isospin limit estimated
using one-loop xPT

@ Brings NA48 analysis closer to xPT two-loop prediction

@ But computation in xPT corresponding to a particular (&, a3)
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[Colangelo, Gasser, Rusetsky]
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Isospin-breaking corrections
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@ Mass differences : phase space, M,.+ # M,o, 7%-n mixing in loops

@ Difference between §g in Ky and 68 in isospin limit estimated
using one-loop xPT [Colangelo, Gasser, Rusetsky]

@ Brings NA48 analysis closer to xPT two-loop prediction

@ But computation in xPT corresponding to a particular (&, a3)

Isospin breaking for arbitrary (a3, a3) by dispersive approach
[V. Bernard, SDG, M. Knecht, in preparation]

SDG (LPT-Orsay) Isospin breaking in K4 decays 13/02/11 5



Isospin breaking in K4 decays
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K4 form factors

e e’

7, | dilepton

(73(pa) (o) AL~ BIK (K)) x M

= F3(pa+ Pp)u + G (pa — Pb),
+Rab(k — Pa—Pb)u

i
dipion/ o, N\

3 L
1

@ Form factors fncts of s = (pa + pp)?, t = (k — pa)?, u = (k — pp)?
S+t+u=M;+M+M+s
with inv hadronic mass s and leptonic mass s; = (k — pa — pp)?
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K4 form factors

$

dipion eg\ V. % dilepton ((pa) 7 (po) 1AL~ |K (K)) x M
= Fab(Pa + Pb) + Gab(Pa — Pb)u
+R®(k — pa — Pb)u

3 L
1

@ Form factors fncts of s = (pa + pp)?, t = (k — pa)?, u = (k — pp)?
S+t+u=M;+M+M+s
with inv hadronic mass s and leptonic mass s; = (k — pa — pp)?

@ Linear combinations with "interesting” properties w.r.t unitarity:

Fab _ pab | WA ; M3 n Mg —SS -5 % cos GW] G
g® = G* Aab =[S — (Ma — Mp)?][s — (Ma + Mp)?]
R — R Fa L G

(F,G) mix under crossing symmetry, but not with R (discarded)
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Unitarity outfside the isospin limit

= 185(s, 5)Py(cos br) = 9(s, s1)Pj(cos b,)
>0 >1

+ 2R ()% (5. 5)) } + O(E®)
involving 77 scattering amplitudes wéz? — 77~
AP (s, 1) =167 Y (2] 4 1)t2°" (s)Py(cos 0)

as well as form factors Qab(s, S))
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Unitarity outfside the isospin limit

= 185(s, 5)Py(cos br) = 9(s, s1)Pj(cos b,)
>0 1

vV Aoo _ .
10T ()10

55 s, s,)} + O(E®)

Re{ Mgt (9)gy

S

Im g/ (s, ) (s, 81)

i ()6 (5.5) | + O(E?)
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Unitarity outfside the isospin limit

= 188(s,5)Pycosb) G =" gfs,s)Pj(cosbr)
>0 1

A — *
TR () (5. 8) | + O(E®)

@ Phase f*=(s,s)) # phase t, =" (s), and depends on s and s,
@ Isospin breaking from phase space (A+— # Aoo),
scattering (t; " # t°°77) and form factors (f,"~ # )
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@ For S and P-waves, up to O(E?®)
fab — 7ab ’Afab

tab
o [E?]

(E°]

R ab+— _ ab+—‘ ab+—
et % [Ez]—i—@b

(E4] (E4]

with leading-order 2 and ¢ real, §2° = arg[f#]




Chiral counting and phase shifts

@ For S and P-waves, up to O(E?®)
fab _ fab ;cab
[E°]

120
[£2)

R ab+— _ ab+f‘ ab+—
et % [E2]+w

(E4] [E4]
with leading-order 2 and ¢ real, §2° = arg[f#]
@ Low-energy chiral suppression of high partial waves
Re f,(s) ~ O(E?) Im f,(s) ~ O(E®) (>2
Re f;(s) ~ O(E*) Im t,(s) ~ O(E®) (>2
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Chiral counting and phase shifts

@ For S and P-waves, up to O(E?®)
fab _ fab ;cab
[E°]

120
[£2)

R tab+f: ab+f‘ ab+—
¢ e Y

[E4] (E*]
with leading-order 2 and ¢ real, 530 = arg[f#?]
@ Low-energy chiral suppression of high partial waves
Re f,(s) ~ O(E?) Im f,(s) ~ O(E®) (>2

Re f;(s) ~ O(E*) Im t,(s) ~ O(E®) (>2

@ Unitarity condition + chiral counting yields, up to O(E?®)

IRV W o 0 B Ref%®  Refi~
g =l Ul T+ S (T T e — = | e
s 2s fgf { { fgo f0+ } }
VY W i
&y :TJF[SD‘H/J];r -

= P-wave simpler: f°° = 0 [Bose symmetry]
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Isospin breaking for K4 phase shifts

Form factors Kt — #n2rb¢+1, measured and analysed by NA48/2
Fab — F&b(s, s)) + cos 6. FE(s, s)) + [¢ > 2]

with phase shifts that are arguments of £~ = Fi~ = "% |F4~|
and fOO FOO 6°°|FOO|
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Isospin breaking for Ky4 phase shifts

Form factors KT — n@rb¢* 1 measured and analysed by NA48/2
Fab — F&b(s, s)) + cos 6. FE(s, s)) + [¢ > 2]
with phase shifts that are arguments of £~ = Fi~ = "% |F4~|
and fOO FOO i6%°|/:\80|

00 00 F+—
5§__ \/)\ [304’7,[1]4— +— \/Efoi{@00+f [1 + RefO RefO i| +w00+7}

25 - o T

6;—:—@[%@&1#*— + O(EY)

Isospin breaking between measured dg — dp and isospin 63 — 4] from
@ O(E?)for Sand P : LO scattering amplitudes ¢
@ O(E*) for Sand P : NLO scattering amplitudes
@ O(E*)for Sonly : LO and NLO form factors f and f
@ All : phase space v/ (trivial)
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Dispersive reconstruction of amplitudes
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Dispersive representation of 7= amplitude

b

In isospin limit, 7@x? — 7¢79 scattering amplitude

A — A(s|t, u)55% + A(t]s, u)52°6° + A(ult, 5)539 5%

Unitarity
Analyticity
Crossing sym.

A(s]t, u) = Ac(s|t, u) + Apol(s]t, u) + O(p®)
[Knecht, Moussallam, Stern, Fuchs]
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Dispersive representation of 7= amplitude

b

In isospin limit, 7@x? — 7¢79 scattering amplitude

A — A(s|t, u)55% + A(t]s, u)52°6° + A(ult, 5)539 5%

Unitarity
Analyticity
Crossing sym.

A(s]t, u) = Ac(s|t, u) + Apol(s]t, u) + O(p®)
[Knecht, Moussallam, Stern, Fuchs]

® A, polynomial collecting subtraction parameters

8387T

eSSt O(E*
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Dispersive representation of 7= amplitude

b

In isospin limit, 7@x? — 7¢79 scattering amplitude

A — A(s|t, u)55% + A(t]s, u)52°6° + A(ult, 5)539 5%

Unitarity
Analyticity
Crossing sym.

A(s]t, u) = Ac(s|t, u) + Apol(s]t, u) + O(p®)
[Knecht, Moussallam, Stern, Fuchs]

® A, polynomial collecting subtraction parameters
0

3M2

4a07r
3M2

Aol = (12M2 — 55) + 0" s 4 O(E4)

@ A.ut non-analytic function with cuts from 77 rescattering

Acit = Y Pp(s, t, u)-Wp(s +Zoq (5,1, u)-W(t +ZR, (s.t,u)-Wi(u)
p
e P, Q, R polynomials in s, t, u and functions of subt. parameters
e W;(s) functions with cut for s > 4M?
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Same dispersive approach possible outside isospin limit

A+_;OO(S, t) — A;oT;OO(S’ t) -
0 1
~ WD Lo(t) — 3(s — )WL (1)

Hteou) - W) 7

0




7 amplitude outside isospin limit

Same dispersive approach possible outside isospin limit

ATT0(s, 1) = AL T%(s, t)

~W o) —3(s — u)W) o (D)
H(t e u) — Wf_);oo(s)

o S [dx 1
rn/x3x—s

2 rdx 1 1 .
w :s/ 10,40
167 007 1 [ x )\ﬂ)(x)x—slmt1 (*)
s® [dx Imt;—%(x)

167 +00 o/ x8 X—S

o (2~ )
Aso(X)

[Imt&’O;*O(x) + mt; %0 (x)

==Other definitions of W (same cuts) amounts to redefining A,
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lterative, dispersive reconstruction

projection
over partial waves unitarity dispersion relation

w—’—lf at order 2k I—P—|Im f at order E2F+2 I—’—lA at order F2k+2
A

Y

<

@ Yields A = Acut + Apol Valid up to two loops

@ A,. polynomial in s, t, u with coeff. being subtraction parameters
a, b, );...(2 more for each additional order and for each channel)

@ A.u: collects cuts that are also functions of subtraction parameters
—Consistent, even away from a3, a3 predicted by yPTs

@ Can be also used to reconstruct form factors
@ Can be matched to xPT to constrain subtraction parameters
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Starting point : partial waves

At lowest order in the chiral expansion, form factors and == amplitudes

ME ME
Ft=(s) = K Gt (s) = K
(s) V2F, (s) V2F,
s — 4M?
A%t (s ) = 167 {ax+bxl__2”i}
s — 4M? t—
A+_+_(S, l') = 167 {ai +bi< F2 nt F2U>:|

where a’s are scattering lengths, b’s effective ranges
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Starting point : partial waves

At lowest order in the chiral expansion, form factors and == amplitudes

ME ME
Ft=(s) = K Gt (s) = K
(s) V2F, (s) V2F,
s — 4M?
A%t (s ) = 167 {ax+bxl__2”i}
s — 4M? t—
A+_+_(S, l') = 167 {ai +bi< F2 nt F2U>:|

where a’s are scattering lengths, b’s effective ranges

The 77 partial waves are obtained by projection

A 1 . (s —4M?)(1 - 2)
+—i+— _ =it - _ ™
t = 35 /_1 dz A [s,t 5 }

+

pd T =167 [a+ +b,_

: s — 4M?
pg 0 =16 [ax + bxﬂi}

s—4M2,
F2 T2

E
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First iteration : unitarity & dispersive representation

@ Unitarity provides imaginary part of partial waves including O(E*)

_ VA . :
Imi = 0(s) = 2T 25 (8) 25" () Bl — 4MZ)

V- _.
F YD (9) e (s) B(s - AMEL) + O(EY)
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First iteration : unitarity & dispersive representation

@ Unitarity provides imaginary part of partial waves including O(E*)

VA : _
Imiy=%(s) = 5 ed T 8) g (s) B — 4MZ)
VAL _
g T (8) 9y T (s)0(s — AMEL) + O(EP)

@ reinjected into dispersive representation of A~ with cut fncts

w®. . . 00s -
(16;0)(25) = 55 0(5) %) Tols) o5 (5) 5 () Iul8) + -
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First iteration : unitarity & dispersive representation

@ Unitarity provides imaginary part of partial waves including O(E*)

VA : _
Imiy=%(s) = 5 ed T 8) g (s) B — 4MZ)
VAL _
g T (8) 9y T (s)0(s — AMEL) + O(EP)

@ reinjected into dispersive representation of A~ with cut fncts

w®. . . 00s -
(16;0)(25) = 55 0(5) %) Tols) o5 (5) 5 () Iul8) + -

@ Jo () one-loop scalar bubbles for 7%+, with appropriate Im

- s /°° dx 1 Ai—(X) Ar—(8)

1
— —Im=—
a X X—8 X 167
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First iteration : unitarity & dispersive representation

@ Unitarity provides imaginary part of partial waves including O(E*)

VA : _
Imiy=%(s) = 5 ed T 8) g (s) B — 4MZ)
VAL _
g T (8) 9y T (s)0(s — AMEL) + O(EP)

@ reinjected into dispersive representation of A~ with cut fncts

w®. . . 00s -
(16;0)(25) = 55 0(5) %) Tols) o5 (5) 5 () Iul8) + -

@ Jo () one-loop scalar bubbles for 7%+, with appropriate Im

- s /°° dx 1 Ai—(X)

Ar—(8)

1
— —Im=—
a X X—8 X 167

—>Same story for K4 form factors, involving 77 and 7K scattering
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[not exhaustive]




Diagramatically : form factors

[not exhaustive]
Unitarity reconstruction of form factors will involve
@ s-channel: 72zt — 7@ 7t K+ — naxbety, (a,b) = (+,-),(0,0)
@ t, u-channels: Kr scattering, with charged or neutral kaons

and the associated form factors
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Diagramatically : amplitudes

[not exhaustive]

In s, t, u-channels, unitarity reconstruction of amplitudes
will involve 7 scattering in all channels

ménb — 79 with

(ab; ed) = (00;00), (+—;00), (+—; +-), (+0; +0), (++; ++)
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(Half of) second iteration

@ 7 ampl. AX known up to 1 loop, with sub. csts ay, by, )\S), /\gf)
for X = (00; 00), (+—; 00), (+—; +—), (+0; +0), (+—; +—)

@ K4 form factors F, GY known up to 1 loop, with sub. csts 7r3f1 23
+ mm and 7K scattering parameters a, b, &, b's for Y = (+—), (00)

SDG (LPT-Orsay) Isospin breaking in K4 decays 13/02/11 19



(Half of) second iteration

@ 7 ampl. AX known up to 1 loop, with sub. csts ay, by, )\S), /\gf)
for X = (00; 00), (+—; 00), (+—; +—), (+0; +0), (+—; +—)

@ K4 form factors F, GY known up to 1 loop, with sub. csts 7r3f1 23
+ 7w and 7K scattering parameters a, b, 3, bs for Y = (+—), (00)

dispersion relation

over partial waves unitarity
A at order l;'lk|_’_{f at order E%* I—’—'Im f at order E%F+2 |—>—| A at order B2k _r|

@ Partial waves for NLO 7w ampl. and Ky4 form factors [not trivial]
Retg:071 =y + Y+ O(E6)

SDG (LPT-Orsay) Isospin breaking in K4 decays 13/02/11 19



(Half of) second iteration

@ 7 ampl. AX known up to 1 loop, with sub. csts ay, by, )\S), /\gf)
for X = (00; 00), (+—; 00), (+—; +—), (+0; +0), (+—; +—)

@ K4 form factors F, GY known up to 1 loop, with sub. csts 7r3f1 23
+ mm and 7K scattering parameters a, b, &, b's for Y = (+—), (00)

dispersion relation

over partial waves nitarity

@ Partial waves for NLO 7w ampl. and Ky4 form factors [not trivial]
Retg:071 =y + Y+ O(E6)

@ Applying unitarity again provides enough information to
reconstruct phase shifts of the form factors up to (E6)
Re f,—o1 = Re f+Re {+O(E*), Imf—g1 = Im f+Im %+Im fg+O(E6)
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Matching o one-loop yPT

Phase shifts ds p(s, 5/) expressed in terms of loop integrals and

@ 77 — 77 subtraction constants ay, by, )\(1) Ag()
for X = (00; 00), (+—; 00), (+— + ), (+0; +0), (+—; +—)
@ matching to =7 one-loop amplitudes with isospin breaking
[Knecht,Urech; Knecht,Nehme; Meif3ner et al.]
o interms of &3, & and N; = 2 LECs [y o6, ki
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Matching o one-loop yPT

Phase shifts ds p(s, 5/) expressed in terms of loop integrals and

@ 77 — 77 subtraction constants ay, by, )\(1) Ag()
for X = (00; 00), (+—; 00), (+— + ), (+0; +0), (+—; +—)
@ matching to =7 one-loop amplitudes with isospin breaking
[Knecht,Urech; Knecht,Nehme; Meif3ner et al.]
e interms of &), & and Ny = 2 LECs |y 2, k;

@ K — mrlv subtraction constants m§ ; , 5 for Y = (+-),(00)

@ one-loop form factors with IB [Bernard,SDG,Knecht]
e expand massive loops (KK, 7. ..) in powers of S
e interms of Ny = 3 LECs L;, K; and ratio R = =

—My
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Matching o one-loop yPT

Phase shifts ds p(s, 5/) expressed in terms of loop integrals and

@ 77 — 77 subtraction constants ay, by, )\(1) Ag()
for X = (00; 00), (+—; 00), (+— + ), (+0; +0), (+—; +—)
@ matching to =7 one-loop amplitudes with isospin breaking
[Knecht,Urech; Knecht,Nehme; Meif3ner et al.]
e interms of &), & and Ny = 2 LECs |y 2, k;

@ K — mrlv subtraction constants m§ ; , 5 for Y = (+-),(00)

@ one-loop form factors with IB [Bernard,SDG,Knecht]
e expand massive loops (KK, 7. ..) in powers of S
e interms of Ny = 3 LECs L;, K; and ratio R = =

—My

@ 7K — K subtr. csts &z, by for Z = (00; +—), (—+; —+), (+0, +0)
e 7K at tree level with IB [TaIavera,Nehme]

e interms of a)/?, aY/? (=K), &, & (=) and ratio R = e 7:71“
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Matching o one-loop yPT

Phase shifts ds p(s, 5/) expressed in terms of loop integrals and

@ 77 — 77 subtraction constants ay, by, )\(1) Ag()
for X = (00; 00), (+—; 00), (+— + ), (+0; +0), (+—; +—)
@ matching to =7 one-loop amplitudes with isospin breaking
[Knecht,Urech; Knecht,Nehme; Meif3ner et al.]
e interms of &), & and Ny = 2 LECs |y 2, k;

@ K — mrlv subtraction constants m§ ; , 5 for Y = (+-),(00)

@ one-loop form factors with IB [Bernard,SDG,Knecht]
e expand massive loops (KK, 7. ..) in powers of S
e interms of Ny = 3 LECs L;, K; and ratio R = =

—My

@ 7K — K subtr. csts &z, by for Z = (00; +—), (—+; —+), (+0, +0)
e 7K at tree level with IB [TaIavera,Nehme]

e interms of a)/?, aY/? (=K), &, & (=) and ratio R = e 7:71“

@ PT expressions with isospin breaking, but no (virtual) photons
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Numerical values

@ For /; and L;, standard values (log M, for ¢;)
[Gasser & Leutwyler, Bijnens et al.]

@ For R, and f(, resonance estimates even though virtual photons

not included [Moussallam et al., Haefeli et al.]
@ Scattering parameters 38/2, ag/z from dispersive analysis of 7K
scattering [Bttiker et al.]

@ Keep only first order in isospin breaking
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Numerical values

@ For /; and L;, standard values (log M, for ¢;)
[Gasser & Leutwyler, Bijnens et al.]

@ For R, and f(, resonance estimates even though virtual photons

not included [Moussallam et al., Haefeli et al.]
@ Scattering parameters 38/2, ag/z from dispersive analysis of 7K
scattering [Bttiker et al.]

@ Keep only first order in isospin breaking

Compute (in milliradians) the difference w.r.t isospin limit Mo — M, .+
A = [3s — 8] — [5p — 1]
@ LO and NLO contributions Asé and A4d
@ In NLO contribution of Adg, split

e the part from unitarity AYds involving only 77 scattering
e the part depending on form factors A} s
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Isospin breaking for §s — dp (Preliminary)

E (MeV) A2(53 AZJ(ES AE(SS AQ(SP A4(5,D A
286 15.75 -0.09 0.00 | 0.01 -0.00 | 15.65
296 1291 -0.17 0.01 | 0.02 -0.00 | 12.72
305 12.52 -0.24 0.01 | 0.04 -0.01 | 12.25
313 1260 -0.31 0.02 | 0.07 -0.01 | 12.26
322 12.88 -0.39 0.03 | 0.09 -0.02 | 12.45
331 13.27 -0.47 0.04 | 0.12 -0.03 | 12.74
340 13.75 -0.57 0.05 | 0.15 -0.04 | 13.11
351 1436 -0.70 0.06 | 0.19 -0.05 | 13.58
365 15.17 -0.88 0.08 | 0.25 -0.07 | 14.20
390 16.80 -1.26 0.10 | 0.37 -0.11 | 156.39

@ Central values for aJ = 0.225, a3 = —0.0382, R = 37

@ Slight enhancement of NLO (up to 10%) compared to LO
M2, — M%) (~ 10 mrad)
@ Isospin breaking in P-wave small

@ A close to LO asymptot
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Dependence on aJ and a3 (Preliminary)

Under a shift of 20% of the isospin 77 scattering lengths

A (mrad) A (mrad)
30 30

25 25

20fl\\ 20!

15[ \

1 1 1 1 1 " E 1 "" L . . L L L E
028 030 032 034 036 038 040 (()).28 030 032 034 036 038 040

a) = 0.225 + 0.045 & = —0.0382 + 0.0076

@ Agreement with Gasser,Colangelo,Rusetsky for central values
@ Dependence of A on s, aé/z, ag/z turns out to be negligible

(small contribution from isospin breaking in form factors)
@ ...but not that on a3 and &3 (up to 2 mrad)
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A (mrad)
30

25

20+

15

.28

0.30

032 034 036

R=37+5

0.38

0.40

15+

» E

M2 03 03 03 o036 038 04

Zi — Zicent 4 AZ;, Ri — I'(Ipent 4 A/_(,'




Uncertainties (Preliminary)

A mrad
A ég\rad) 20
25 25
20+ 200
15+ 15[
10 . . ; : ; E 10 ; . ; : : E
0.28 0.30 0.32 0.34 0.36 0.38 0.40 0.28 0.30 0.32 0.34 0.36 0.38 0.40
R=37+5 0y = 0% + Al ki = ket + Ak;

@ Isospin breaking in dg — dp parametrised with accuracy below 1 %
as polynomial in

s—an, \'712 ;o i, 2 k ,
(5e) (o= 1) (<o) (- )
withi=0...3,j=0...2,k=0...2,/=0...1
@ Uncertainty from LECs as quadratic function of (s — 4M2.)/ M2,

by
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Conclusions

Dispersive description of Ky4 decays
@ lterative approach involving K4 form factors as well as 77 and 7K
scattering amplitudes
@ description of 77 amplitudes and form factors up to two loops in
terms of a few subtraction constants (a, b, .. .)
@ Matching to xPT yields subt. constants in terms of =7 scattering
parameters a3, &3 in isospin limit + LECs
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@ Matching to xPT yields subt. constants in terms of =7 scattering
parameters a3, &3 in isospin limit + LECs

Estimation of isospin breaking for phase shifts
@ NLO corrections affect only marginally LO correction
@ Partial cancellation between NLO corrections coming from
unitarity (1 mrad) and from the form factors (0.1 mrad)
@ Compatible with earlier pure xPT estimate, but . ..
@ ...variation in (&3, a5) plane can be noticeable (2 mrad)
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Dispersive description of Ky4 decays
@ lterative approach involving K4 form factors as well as 77 and 7K
scattering amplitudes
@ description of 77 amplitudes and form factors up to two loops in
terms of a few subtraction constants (a, b, .. .)
@ Matching to xPT yields subt. constants in terms of =7 scattering
parameters a3, &3 in isospin limit + LECs

Estimation of isospin breaking for phase shifts
@ NLO corrections affect only marginally LO correction
@ Partial cancellation between NLO corrections coming from
unitarity (1 mrad) and from the form factors (0.1 mrad)
@ Compatible with earlier pure xPT estimate, but . ..
@ ...variation in (&3, a5) plane can be noticeable (2 mrad)

To be used to revisit the extraction of (a3, a3)
from NA48/2 KT — ntn~(Tv data
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