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LLogs in χPT

LχPT = L2 + L4 + . . . .

2→ 2 scattering amplitude:

A(s, t) = c1
E2

Λ2︸ ︷︷ ︸
only L2
parameters

+
E4

Λ4

(
c2 log

(
µ2

E2

)
︸ ︷︷ ︸

1−loop
only

L2 parameters

+ c3︸︷︷︸
1−loop L2 parameters

tree−level L4 parameters

)
+ O

(
E6

Λ6

)

Leading Logs

n ≡ [number of loops +1]

A(s, t) =
∞∑
n=1

ωn

(
E2

Λ2

)n

logn−1

(
µ2

E2

)
+ NLL

K.M. Semenov-Tian-Shansky Exact Summation of Chiral Logs in 2D: Quasi-renormalizable QFTs, Dixon’s Elliptic Functions, and all that18.04.2019 3 / 40



Do we really have to care about LLogs in EFTs?

Renormalizable QFT

A(s) = α+ α2(a1 log |s|+ b1) + α3(a2 log2 |s|+ b2 log |s|+ c) + . . . ; α ∼
α0

log |s|

LLog approximation gives leading asymptotic behavior.

Case of χPT

A(s) =
s

F 2
+

s2

F 4
(a1 log |s|+ b1) +

s3

F 6
(a2 log2 |s|+ b2 log |s|+ c) + . . . ;

s � F 2; s log |s| ∼ s.

In χPT LLog can not compete with power-like corrections. No reason to be particularly
interested in their resummation... But!
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Motivation: chiral expansion of PDFs and GPDs

Additional dimensional parameter can make it necessary to sum up chiral logs.
Non-local quark-antiquark operator on the light-cone (n2 = 0):

O(λ) = q

(
1

2
λn

)
γ+q

(
−

1

2
λn

)

The dependence of GPDs on the soft momenta and/or pion mass can be controlled by
χPT N. Kivel and M. Polyakov’02.
Pion PDF:

q(x) = qreg(x) +
∑
n≥1
odd

Dn

[
aχ ln

(
1

aχ

)]n
δ(n−1)(x); aχ = (mπ/4πFπ)2

Reorganization required for aχ ∼ x .

GPDs and CFFs (ξ =
xBj

2−xBj
):

A(ξ, t) =

∫ 1

−1
dx

H(x , ξ, t)

ξ − x
= Areg(ξ, t) +

∞∑
k=1

Ak
1

ξk
[bχ ln (1/bχ)]k ;

bχ = |t|/4 (4πFπ)2
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Transverse size of pion

Impact parameter distribution of quarks:

q(x , b2) =

∫
d2∆

(2π)2
q(x ,∆2)e i(b·∆) .

Chiral inflation of the pion radius I. Perevalova, M. Polyakov, A. Vall and

A. Vladimirov’11:
I x � mπ

F
the radius grows as 1

xα
;

I x ∼ mπ
F

the radius grows as 1
x

.

Gribov diffusion Ansatz: q(x ,∆2) = q(x)e−α
′∆2 log 1

x v.s. the resummation of chiral logs:
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Some references:

D. Kazakov’88 and M. Buchler, G. Colangelo’04: generalization of the RG-group methods
for EFTs.

M. Bissegger, A. Fuhrer’07: 5-loop LLs in massless O(4)/O(3) σ-model;

N. Kivel, M. Polyakov, A. Vladimirov’08, J. Koschinski , M. Polyakov, A. Vladimirov’10:
arbitrary-loop LLs in massless φ4-type EFTs.
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LLs in massless EFT in D = 4: preliminaries

J. Koschinski , M. Polyakov, A. Vladimirov’10:

Action (φ4-type theory; all fields are massless):

S =

∫
d4x

[
1

2
∂µφ

a∂µφa − V (φ, ∂φ)

]
.

The lowest chiral order of interaction is 2κ: e.g. φ2∂2κφ2

The Lagrangian is invariant under some particular global group G (isospin).

E.g. O(N + 1)/O(N) σ-model belongs to this class: G → O(N), κ = 1:

L =
1

2

(
∂µσ∂

µσ + ∂µφ
a∂µφa

)
=

1

2
∂µφ

a∂µφa −
1

8F 2
(φaφa)∂2(φbφb) +O(φ6),
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Main object of study: 2 → 2 scattering amplitude

Consider the PW expansion of 2→ 2 scattering amplitude:

〈φcφd |S − I |φaφb〉 = 2πi(4π)4δ(. . .)
∑
I

Pabcd
I

∞∑
`=0

(2`+ 1)P`

(
1 +

2t

s

)
t I`(s),

Pabcd
I are projectors on invariant isospin subspaces; P` (. . .) are the Legendre polynomials.

LLog structure of PW amplitudes:

t I`(s) =
π

2

∞∑
n=1

Ŝn

2l + 1

n−1∑
i=0

αI ,`
n,i lni

(
µ2

s

)
lnn−i−1

(
µ2

−s

)
+ O(NLL).

F is the coupling in the Lagrangian; Ŝ = sκ

(4πF )2 is the dimensionless expansion parameter.

Both left and right cuts in the complex s plane contribute.
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Recurrence relation for ωI
n` from unitarity, analyticity and crossing I

The LL coefficients are given by

ωI
n` =

n−1∑
i=0

αI ,`
n,i .

Only 2-particle unitarity is relevant! 2-particle unitarity (s-channel cut):

Disc t I`(s)
∣∣∣
s>0

= |t I`(s)|2.

Implication of the s-channel cut unitarity:

n−1∑
i=0

(n − i − 1)αI ,`
n,i =

1

2(2`+ 1)

n−1∑
i=1

ωI
i`ω

I
n−i,`.
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Recurrence relation for ωI
n` from unitarity, analyticity and crossing II

Analyticity + crossing :

T I (s, t) =
1

π

∫ ∞
4m2

ds′

(
δII
′

s′ − s
+

C II ′
su

s′ − 4m2 + t + s

)
DiscT I ′ (s′, t).

Isospin crossing matrices (s ↔ u-crossing):

T I (s, t, u) = C II ′
su T I ′ (u, t, s); C II ′

su = Pabcd
I Pbdac

I ′
1

dI
.

2-particle unitarity + analyticity: Roy equations:

Disc t I`(s)
∣∣∣
s<0

=
∞∑
`′=0

C II ′
su

2(2`′ + 1)

s

∫ −s

0
ds′ P`

( s + 2s′

−s

)
P`′
(2s + s′

−s′
)
|t I`(s

′)|2.
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Recurrence relation for ωI
n,` from unitarity, analyticity and crossing III

Close form of the recurrence relation:

ωI
n` =

1

n − 1

∑
J

n−1∑
k=1

κ·n∑
`′=0

1

2

(
δIJδ``

′
+ C IJ

st Ω`
′`
κ·n + C IJ

su(−1)`+`
′
Ω`
′`
κ·n

)ωJ
k,`′ω

J
n−k,`′

2`′ + 1
.

(κ · n + 1)× (κ · n + 1) matrices Ω``
′

κ·n perform the crossing for the PWs.

( z − 1

2

)κ·n
P`

( z + 3

z − 1

)
=

κ·n∑
`′=0

Ω``
′

κ·nP`′ (z).

Reminder for the indices:

n : number of loops + 1;

I , J : label isospin invariant subspaces;

`, `′ : PW OAM quantum numbers

Initial conditions ωI
n` with ` = 0, 1, . . . κ · n come from the tree-level calculation of PWs.
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Results for O(N + 1)/O(N) σ-model
The Lagrangian of the O(N + 1)/O(N) σ-model:

L2 =
1

2
∂µφ

a∂µφa −
1

8F 2
(φaφa)∂2(φbφb) +O(φ6),

The projectors on 3 isospin spaces:

Pabcd
0 =

δabδcd

N
; Pabcd

1 =
δacδbd − δadδbc

2
; Pabcd

2 =
δacδbd + δadδbc

2
−

1

N
δabδcd .

Boundary conditions from tree-level calculation: ω0
10 = N − 1; ω1

11 = 1; ω2
10 = −1

(and all others are zero).

ω0
n0

N − 1
=

{
1,

N

2
−

1

9
,
N2

4
−

61N

144
+

59

144
,

N3

8
−

631N2

2700
+

46279N

194400
−

13309

194400

}

How to check consistency?

N = 1 - free theory.

Explicit calculation up to 3-loop
order M. Bissegger, A. Fuhrer’07.

Large N limit is well understood.
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Case of renormalizable theory: O(N)-symmetric φ4

Consider

L =
1

2
∂µφ

i∂µφi −
λ0

4!
(φ2)2.

LLog approximation can be obtained by solving 1-loop RG equation:

µ2 ∂

∂µ2
λ(µ2) = β(λ) =

N + 2

8
λ2(µ2) +O(λ2)⇒ A(s, t) = λ(µ2) =

λ0

1− b1λ0 log(µ2/s)

Same solution comes from the recursive equations.

The sum of the crossing matrices 1
2

(1 +Cst +Csu) is just the 1-loop β-function coefficient.

ωn =
1

2(n − 1)

n−1∑
k=1

N + 2

8︸ ︷︷ ︸
b1

ωkωn−k ⇒ A(s, t) =
∞∑
n=1

λn0 logn−1

(
µ2

s

)
ωn
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Simplified form of the recurrence relation

Problem formulation:

f (z) =
∞∑
n=1

fnz
n−1 fn =

1

n − 1

n−1∑
k=1

A(n, k)fk fn−k , f1 = 1.

A(n, k) function: Greek “Aναδρoµη̇” for “recursion” (courtesy of N. Stefanis).

Singularities of f (z) closest to the origin play the crucial role for the asymptotic behavior
of fn for n→∞.
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Some remarkable cases I: Catalan numbers

Cn =

n−1∑
k=0

CkCn−1−k , C0 = 1, A(n + 1, k) = n; f (z) =
∞∑
n=0

Cnz
n =

2

1 +
√

1− 4z
.

Plenty of combinatoric applications.
E.g. number of rooted binary trees with n internal nodes and n + 1 external nodes
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Some remarkable cases II: Bessel functions
A. Vladimirov, 2010:

A(n, k) =
n − 1

n + ν
ν − parameter.

The solution:

f (z) =

√
ν + 1

z

Jν+1(2
√

z(ν + 1))

Jν(2
√

z(ν + 1))
.

For ν > −1 poles along z > 0 axis and a cut along z < 0;

For ν < −1 poles along z < 0 axis and a cut along z > 0;

N.b. ν = 1
2

: f (z) = 1−
√

6z cot
√

6z
2z

c.f. D. Kazakov: summing up UV-divergencies in the
supersymmetric gauge theories (D = 6, 8, 10 SYM).

Some motivation from A.A. Migdal

A.A.‘Migdal’1977, 78: 2-point function of large-Nc QCD as the sum of infinite number of
pole terms with spectrum given by roots of the Bessel functions.

Some motivation to revive of the approach: AdS/CFT . Same spectrum reported (see
J.Erlich et al.’2006)
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Padé approximation: definition and basic properties
Let f (z) be analytic function defined by its Taylor series:

f (z) =
∞∑
n=1

fnz
n−1.

Padé approximant:

[M/N]f (z) =
PN(z)

QM(z)
= f (z) + O(zM+N+1)

Uniqueness;

Important class of functions:

Stieltitjes functions in a cut plane:

Im[f (z)]Im[z] ≥ 0

Keep this property at any order of diagonal Padé;

Nice behavior of zeroes of the denominators;

May prove uniform convergence of diagonal Padé in the cut plane;

K.M. Semenov-Tian-Shansky Exact Summation of Chiral Logs in 2D: Quasi-renormalizable QFTs, Dixon’s Elliptic Functions, and all that18.04.2019 18 / 40



More remarkable examples: factorials and pseudofactorials
Case of renormalizable theory

A(n, k) = 1: factorial:
{an} ≡ {fn(n − 1)!} = {0!, 1!, 2!, . . .}

f ′(z) = −f 2(z); f (0) = 1.

Quasi-renormalizable theory ??
A(n, k) = (−1)n+1

R. Bacher and P. Flajolet’09: pseudofactorial sequence:
{an} ≡ {fn(n − 1)!} = {1, −1, −2, 2, 16, −40, −320, 1040, ... }.

f ′(z) = −f 2(−z); f (0) = 1.
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Dixon’s elliptic functions
Dixon’s elliptic functions (Dixon’189X) (elliptic = meromorphic, doubly periodic)

{
sm′(z) = cm2(z)

cm′(z) = −sm2(z)
sm(0) = 0; cm0 = 1 sm3(z) + cm3(z) = 1.
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Dixon’s elliptic functions and pseudofactorial
The equation is equivalent to (g(z) ≡ f (−z)){

f ′(z) = −g2(z)

g ′(z) = f 2(z),
f (0) = 1; g(0) = 1.

This system has a simple first integral: f 3(z) + g3(z) = 2.

Integration gives: f (z) = 2
1
3 sm(

π3

6
− 2

1
3 z), with

π3

6
=

1

6
B(

1

3
,

1

3
).

Real period: ω3 ≡ 6r = 2−1/3π3. Invariance under rotations by ± 2π
3

.
Can be expressed through the Weierstrass ℘-function.
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Weierstrass elliptic ℘-function

Inverse of the first kind elliptic integral:

z =

∫ ℘(z;g2,g3)

∞

dt√
4t3 − g2t − g3

.

Weierstrass elliptic ℘-function satisfies the equation:

[
℘′ (z; g2, g3)

]2
= 4℘3 (z; g2, g3)− g2℘ (z; g2, g3)− g3; ℘ (z → 0; g2, g3) =

1

z2
.
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O(N)-symmetric bi-quartic theory in D = 2

Quasi-renormalizable QFT (preliminary)

We call the quantum field theory quasi-renormalizable if the generating function for the
coefficients of leading logs of 2→ 2 scattering amplitude (defined from the recurrence relation)

is a meromorphic function of the variable z ≡ log
(
µ2

s

)
.

Important simplifications in D = 2 case: no PW expansion and related mixing problem.

O(N)-symmetric bi-quartic (Φ4-type with 4 derivatives) theory:

S =

∫
d2x

(
1

2
∂µΦa∂µΦa − g1(∂µΦa∂µΦa)(∂νΦb∂νΦb)− g2(∂µΦa∂νΦa)(∂µΦb∂νΦb)

)
.

LL-approximation of the O(N)-symmetric bi-quartic theory is infrared finite in D = 2.
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LLog coefficients in D = 2 bi-quartic theory I

Transition “T” and reflection “R” 2→ 2 scattering amplitudes:

〈Φc (p3)Φd (p4)|S − 1|Φa(p1)Φb(p2)〉 =

= i(2π)2 1

2

[
δ(p1 − p4)δ(p2 − p3)MT

abcd (s) + δ(p1 − p3)δ(p2 − p4)MR
abcd (s)

]
;

I Transition: t = 0, u = −s;
I Reflection: u = 0, t = −s;

Isotopic decomposition:

MT , R
abcd (s) =

2∑
I=0

P I
abcdM

I ,T ,R(s).

LLog contribution into “T” and “R” amplitudes:

MI , {T , R}
∣∣∣
LL

(s) = s2
∞∑
n=1

ω
I , {T , R}
n

[
s

4π
ln

(
µ2

s

)]n−1

.
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LLog coefficients in D = 2 bi-quartic theory II

Explicit form of recurrence relations in D = 2:

ωI ,T
n =

1

2(n − 1)

n−1∑
k=1

2∑
I ′=0

(
δII
′
− (−1)nC II ′

su

)(
ωI ′,T
k ωI ′,T

n−k + ωI ′, R
k ωI ′, R

n−k

)
;

ωI , R
n =

1

2(n − 1)

n−1∑
k=1

2∑
I ′=0

(
δII
′
− (−1)nC II ′

st

)(
ωI ′,T
k ωI ′, R

n−k + ωI ′, R
k ωI ′,T

n−k

)
.

Initial conditions (n = 1) from the tree-level calculation:

ωI=0, T
1 = ωI=0, R

1 = (2g1(N + 1) + g2(N + 3));

ωI=1, T
1 = −ωI=1, R

1 = (g2 − 2g1);

ωI=2, T
1 = ωI=2, R

1 = (2g1 + 3g2).

For n > 1 only particular combination of couplings occurs in LL-coefficients:

1/F 2 = 2g1 + g2.
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Diagonalization of the recurrence system I

The system for ωI=0,T
n is equivalent to

fn =
1

n − 1

n−1∑
k=1

(
A0 + (−1)nA1 + (−1)kA2

)
fk fn−k ; f1 = 1.

The coefficients Ai read:

A0 = 1 +
1

(N + 2)(N − 1)
; A1 = −

N + 1

(N + 2)(N − 1)
; A2 = −

2

(N + 2)(N − 1)
.

For n ≥ 2:

ωI=0, T
n = fn ×

(
(N + 2)(N − 1)

NF 2

)n

.
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Diagonalization of the recurrence system II

Generating function:

Ω(z) =
∞∑
n=2

ωI=0, T
n zn−1.

I = 0 transition amplitude in LL-approximation:

MI=0, T
∣∣∣
LL

(s) = s2 [2g1(N + 1) + g2(N + 3)] +
s2

F 2
Ω

(
s

2πF 2
ln

(
µ2

s

))
.

All other MI , T , R are expressed through the same Ω(z).
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How to solve the recurrence system I

We introduce the generating function

f (z) =
∞∑
n=1

fnz
n−1.

The recurrence system for fn is equivalent to the differential equation:

d

dz
f (z) = A0 f (z)2 + A1 f (−z)2 − A2 f (z)f (−z), f (0) = 1.

N.b. A1 = A2 = 0 same form as the RG-equation in a renormalizable QFT:

d

dz
f (z) = A0 f 2(z); f (z) =

1

1− A0z
: single Landau pole.
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How to solve the recurrence system II

Even and odd parts of the generating function: f (±z) = u(z)± v(z)

u(z) =
∞∑
n=1
odd

fnz
n−1; v(z) =

∞∑
n=2
even

fnz
n−1.

We need to address the system:{
v ′(z) = (A0 + A1 − A2)u2(z) + (A0 + A1 + A2)v2(z);

u′(z) = 2(A0 − A1)u(z)v(z);
u(0) = 1; v(0) = 0.

The system possesses the following first integral A. Smirnov:

(
u2(z) +

−A0 + 3A1 + A2

A0 + A1 − A2
v2(z)

)A0−A1

= (u(z))A0+A1+A2 .
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Equivalent mechanical system II

New variables:

l(z) =
1

u(z)
,

Use of the first integral:

v(z) = −
1

2(A0 − A1)

1

l(z)

d

dz
l(z).

Final form of the equation for l(z):

α1

[
l ′(z))

]2
= α0l

2α1 (z)− α0; l(0) = 1.

α0 = −
2N3

(N − 1)2(N + 2)
; α1 =

N + 2

2N
.
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Equivalent mechanical system III

The problem is equivalent to a 1D motion of a mechanical system:
I “time”: t = N

(N−1)(N+2)
z;

I “coordinate”: q(t) = l
(

(N−1)(N+2)
N

t
)

.

m q̇(t)2

2
+ q(t)γ = 1; q(t = 0) = 1; q̇(t = 0) = 0;

I “mass”: m = 1
2N2 ;

I exponent of the “potential”: γ = N+2
N

.

LL-amplitude through q

Ω(z) =
(N − 1)(N + 2)

N

(
1

q(z)
− 1

)
−

N − 1

2N

d

dz
ln(q(z)).
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Equivalent mechanical system II

Dual “mechanical” system: q(t) = r(t)
2

2−γ :

M ṙ(t)2

2
+
[
2− r(t)δ

]
= 1; r(t = 0) = 1; ṙ(t = 0) = 0;

I “mass”: M = 2
(N−2)2 ;

I exponent of the “potential”: δ = 2γ
γ−2

.
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Remarkable solutions I

N →∞; (γ = 0, m→ 0) – “motion under constant force”:

q(t) = 1− (Nt)2; Ω(z) =
N

1− Nz
− N.

N.b. LL-amplitude possesses a single Landau pole; assuming gi ∼ 1/N, theory is
equivalent to a renormalizable QFT.

N = 2 (γ = 2, m = 1
8

) – “harmonic oscillator”:

q(t) = cos(4t); Ω(z) =
2

cos(4z)
+ tan(4z)− 2 .

First example of a quasi-renormalizable theory!
I Poles and residues:

z
(1)
k =

π

8
(4k + 1), k ∈ Z, Res

z=z
(1)
k

Ω(z) = −
3

4
;

z
(2)
k =

π

8
(4k + 3), k ∈ Z, Res

z=z
(2)
k

Ω(z) =
1

4
.
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Remarkable solutions II

N → 0 (δ = 2, M = 1
2

) – “inverted harmonic potential”:

r(t) = cosh(2t); Ω(z) = − ln[cosh(2z)]− tanh(2z) .

Another example of a quasi-renormalizable theory!
I Poles and residues:

zk = i
π

4
(2k + 1) , k ∈ Z, Res

z=zk
Ω(z) = −

1

2
.
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Remarkable solutions III

Case N → 1 (γ = 3, m = 1
2

) – (Bacher&Flajolet’s pseudofactorial):

q(t) =
3℘
(√

3t; 0,− 4
27

)
− 2

3℘
(√

3t; 0,− 4
27

)
+ 1

; [℘′]2 = 4℘3 − g2℘− g3

Ω(z)

N − 1
=

1

2

6℘
(√

3z; 0,− 4
27

)
−
√

3℘′
(√

3z; 0,− 4
27

)
+ 2

℘
(√

3z; 0,− 4
27

)2
− 1

3
℘
(√

3z; 0,− 4
27

)
− 2

9

.
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Remarkable solutions IV

N = 2
3

: γ = 4, m = 9
8

Ω(z) =
4℘
(

4
3
z;−1, 0

)
− ℘′

(
4
3
z;−1, 0

)
+ 2

−3℘
(

4
3
z;−1, 0

)2
+ 3

4

.
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Qualitative general analysis

Case N > 0 or N < −2: “particle” moves to the left from q = 1 to q = 0. This point is
reached in finite “time” and with finite “velocity”: pole singularity of Ω(z):

zpole =

√
πΓ
(

1 + N
N+2

)
2NΓ

(
1
2

+ N
N+2

) .
I N = 2

2p+1
(p ∈ N) “particle” oscillates in the “potential” q2(p+1). Ω(z) has an

infinite number of equidistant poles separated by:

∆z =
(2p + 1)

√
π Γ

(
1 + 1

2(p+1)

)
2 Γ
(

1
2

+ 1
2(p+1)

) , p ∈ N.

I Known elliptic solutions for N = 2
3
, 2

5
.

Case −2 < N < 0: “particle” moves to the right from q = 1 and never reaches q = 0. No
singularities on the real axis for Ω(z).

zbranch = ±i

√
πΓ
(

2
N+2
− 1

2

)
2N Γ

(
− N

N+2

) .
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Conclusions and Outlook I

1 First examples of quasi-renormalizable theories:
I All order summation of LLs in the O(2)-symmetric bi-quartic theory in D = 2:

ΩN=2(z) =
2

cos(4z)
+ tan(4z)− 2.

I N → 1 limit case. LL-amplitude in terms of Dixon’s functions.

2 Can one find further field theoretical models corresponding to (doubly)periodic solutions
of the recurrence relations for LL coefficients?

3 Is it possible to have a non-trivial example of the exactly solvable quasi- renormalizable
theory in D = 2?

4 A the connection between the LL-approximation of EFTs and the properties of general
non-perturbative solution related to the underlying fundamental QFT. Can we learn
something on the spectrum?

5 Can we understand how recurrence relations work at the diagram level? A. Connes and
D. Kreimer linear space of graphs? D. Kazakov insight from SYM?
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Outlook II

Mixed O(N)-symmetric theory with renormalizable and non-renormalizable interactions:
possible applications in solid state physics.

L =
1

2
(∂µΦ∂µΦ) +

1

F 2
(Φ∂µΦ)(Φ∂µΦ) + g1(∂µΦ∂µΦ)(∂νΦ∂νΦ) + g2(∂µΦ∂νΦ)(∂νΦ∂µΦ)
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