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* QCD at low energies — mass generation & confinement

e Non-perturbative dynamics — rich spectrum of excited states
Q1: how many are there? (missing resonance problem)
Q2: what are they? (quark-antiquark, gluons, meson-baryon dynamics)

E.g.: A(1405)

Re W

MM Meissner (2015)
Cieply, MM, Meissner, Smejkal (2016) |

ﬁrst Lattice QCD study: 10% of total W.F.
| Hall et al. (2014)
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* QCD at low energies — mass generation & confinement

* Non-perturbative dynamics — rich spectrum of excited states

Q1: how many are there?

Q2: what are they?

(missing resonance problem)

(quark-antiquark, gluons, meson-baryon dynamics, ...)

* Dynamics is important! BUT many states have dominant 3-body content
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- first Lattice QCD results:
w. incomplete treatment of 77N
— NO Roper-signal Lang et al. (2017)
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QCD at low energies

— mass generation & confinement

Non-perturbative dynamics — rich spectrum of excited states

Q1: how many are there? (missing resonance problem)

Q2: what are they?

* Dynamics 1s important!

(quark-antiquark, gluons, meson-baryon dynamics, ...

BUT many states have dominant 3-body content

Exotic states (w.r.t constituent quark model) & gluonic degrees of freedom

- cannot decay 1nto 2 mesons but into 3 mesons

- searched for by many experimental facilities
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QCD at low energies — mass generation & confinement

* Non-perturbative dynamics — rich spectrum of excited states
Q1: how many are there? (missing resonance problem)
Q2: what are they? (quark-antiquark, gluons, meson-baryon dynamics, ...)

* Dynamics 1s important! ~ BUT many states have dominant 3-body content

Exotic states (w.r.t constituent quark model) & gluonic degrees of freedom
- cannot decay 1nto 2 mesons but into 3 mesons

- searched for by many experimental facilities
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Universal understanding of Lattice QCD or experimental searches (BESIII, COMPASS, GlueX)
— theory of 3-body scattering problem
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Universal understanding of Lattice QCD or experimental searches (BESIII, COMPASS, GlueX)
— theory of 3-body scattering problem

Available tools:

* Faddeev equations (F.E.) Faddeev(1959)
* F.E. in fixed-center approximation Brueckner(1953)
— usefull for 7zd, Kd ... systems Baru et al.(2011) Mai et al. (2015)
e F.E. in isobar formulation Omnes(1964) Aaron(1967)
— re-parametrization of two-body amplitude Bedaque(1999)
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FADDEEV EQUATIONS
WITH ISOBARS

MM, Hu, Doring, Pilloni, Szczepaniak
Eur.Phys.J. A53 (2017) no.9, 177




FE in isobar parametrization

Original study — Amado Model Amado,Aaron,Young(1968)
* 3-dimensional integral equation from unitarity constraint & BSE ansatz
* valid below break-up energies (E < 3m) & analyticity constraints unclear

Maxim Mai (GWU) Quantization of three-body scattering amplitude

23



FE in isobar parametrization

Original study — Amado Model Amado,Aaron,Young(1968)
* 3-dimensional integral equation from unitarity constraint & BSE ansatz
* valid below break-up energies (E < 3m) & analyticity constraints unclear

One has to begin with asymptotic states

Maxim Mai (GWU) Quantization of three-body scattering amplitude

24



FE in isobar parametrization

Original study — Amado Model Amado,Aaron,Young(1968)
* 3-dimensional integral equation from unitarity constraint & BSE ansatz
* valid below break-up energies (E < 3m) & analyticity constraints unclear

One has to begin with asymptotic states

Maxim Mai (GWU) Quantization of three-body scattering amplitude



FE 1n isobar parametrization

Original study — Amado Model Amado,Aaron,Young(1968)
* 3-dimensional integral equation from unitarity constraint & BSE ansatz
* valid below break-up energies (E < 3m) & analyticity constraints unclear

One has to begin with asymptotic states

A E O —y B = G i
DB R
N~ 5
e

~ ~

78 1y

* two-body interaction is parametrized by an “isobar”’

= has definite ON and correct r.h.-singularities w.r.t invariant mass
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FE in isobar parametrization

Original study — Amado Model Amado,Aaron,Young(1968)
* 3-dimensional integral equation from unitarity constraint & BSE ansatz
* valid below break-up energies (E < 3m) & analyticity constraints unclear

One has to begin with asymptotic states

A E O —y B = G i
i)l (T) S S
e 5
o

~ ~

78 1y

* two-body interaction is parametrized by an ‘“isobar”

= has definite ON and correct r.h.-singularities w.r.t invariant mass

e Sand T are yet unknown functions
* v a general function without cuts in the phys. region
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Unitarity & Matching

3-body Unitarity (normalization condition & phase space integral)

<Q17QQ7Q3|(T_TT)|p17p27p3> — ifP<Q17Q27Q3|TT|k17k?)k3><k17k27k3|T|p17p27p3>
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Unitarity & Matching

3-body Unitarity (normalization condition & phase space integral)

(9102, a3/ (T=TH)p1,p2,p3) = i [p{q1,q0, 43T |k1, ko, k3) (K1, k2, k3|T|p1, p2, p3)

N 4
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Unitarity & Matching

3-body Unitarity (normalization condition & phase space integral)

<Q17QQ7Q3|(T_TT)|p17p27p3> — ifP<Q17Q27Q3|TT|k17k?)k3><k17k27k3|T|p17p27p3>
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N
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(SN S R 5 ® :' sn% Romme
©, ( T T ) e ’: General ansatz for the Isobar-spectator interaction
E el SHN (el % — B & t are unknown!!!
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Unitarity & Matching

3-body Unitarity (normalization condition & phase space integral)

(01,92, 43|/ (T=T")|p1,p2,p3) = i [pla1,q2,q3|T |k, ko, ks)(k1, k2, ks|T'|p1, p2, p3)
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SCATTERING AMPLITUDE

3 — 3 scattering amplitude is a 3-dimensional integral equation

A \e @ @ ﬁ/ \: @ e/
by = s
5 &
>—<5>Gj®—<=>-6>8+>-@Br -

— Imaginary parts of B, S are fixed by unitarity/matching

— For simplicity v=4 (full relations available)

r(o(k)) = (2m)5 (k2 = m?)S (o (k))
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SCATTERING AMPLITUDE

3 — 3 scattering amplitude is a 3-dimensional integral equation

i s, S it i

-

(s) (s) S
O
=

— Imaginary parts of B, S are ﬁxed by unltarlty/matchmg

— For simplicity v=4 (full relations available)

1 i Ko
)\2

Disc — = —
S ST O'(k‘)
 twice subtracted dispersion relation in invariant mass - o(k)
1 oA s2 3 A2
S U(k) MO (27 )3 fd £2Eg(0'(]€)—4Eg—|—’i€)

* in the rest-frame of 1sobar (Lorentz invariance!)
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SCATTERING AMPLITUDE

3 — 3 scattering amplitude is a 3-dimensional integral equation

A NG @ @ s~ i @ g
P <T> = it
b —— Nl
B

Tc Td

T =>=®587+>=®=B_r T
O LIRS LI O R

— Imaginary parts of B, S are ﬁxed/by/unitgrity/ﬁiétching

— For simplicity v=4 (full rel{ati’éﬁsa@ﬂéble)

Disc B(u) = 2mi)\?

* un-subtracted dispersion relation

{q|B(s)|p) = _QW(EQ—\/W—I—?JG)

e one-n exchange in TOPT - RES UL T!

5 (Ea— P T @)
2/m? + Q?

>\2
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SCATTERING AMPLITUDE

3 — 3 scattering amplitude is a 3-dimensional integral equation
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— Imaginary parts of B, S are ﬁxed,/by"ﬁnitgrity/ﬁiﬁtching

— For simplicity v=4 (full rel{ati’i(f)_’_/r/lsxa\‘féﬁ'l’éble)

Disc B(u) = 2mi)\?

5(;@@_¢m)

2,/m? + Q?

* un-subtracted dispersion relation

>\2

(q|B(s)|p) = _QW(

e one-n exchange in TOPT —- RESULT!

Eq—+/m?+Q2+ic)

“
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MM, Doring
Arxiv: 1709.08222




WHY LATTICE?

QCD
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WHY LATTICE?

Eem
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| AR
700 -
.z‘.iz.
f\(]()i"E
16 20 24

QCD

Maxim Mai (GWU)

1) unphysical pion mass

2) (periodic) boundary conditions

Y
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GOALS & CHALLENGES

Recipe for 2 — 2 scattering (e.g. I=J=0 nm scattering)

180
Ecm
1504, | : Mz = 391 MeV
1000 120k : - |
EIIF { i my = 236 eV
900 g 5(] 901 5
i, ]
. STEP 1 T T 2
800 601 2! T Hx T 7 exp
700 | —emf 30 ';- p .]r
= -
cof & YT 0.03 005 007 009 0.l 013
—_— 2 2
16 20 24 p° [ GeV

HSC(2016) Briceno et al.(2016)

LUSCHER(1986
* 1 eigenenergy < 1 phase-shift in infinite volume
* also with coupled channels He et al. (2005)
| Doring et al.(2011) HSC (2015)...

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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Doring, MM, Hu (2016)
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GOALS & CHALLENGES

Recipe for 2 — 2 scattering (e.g. I=J=0 nm scattering)

Ecm o i Hil r "'“AM?:{zaa,am: ]
1504, | I : . mx = 391 MeV 0Bl ‘\\ ]
1000} { 120F ‘ T —— E aal \L .
900—%'-; e 8o 90} : .: 2 . E B } 41 l}i{
i STEP 1 o ;b STEP 2 g
800+ 60+ it - .]r rl-i = ; St a 0.0 [ I
b
by tzﬁi-u“i all " #Z T ! 2t '—H + Il - A
oot T T T T R X TR N o, 0.00 005 0.10
16 20 24 p* | GeV? P2 [GeV?)
HSC(2016) Briceno et al.(2016) Doring, MM, Hu (2016)
*************************************** LUSCHER(1986) CHIRAL EXTRAPOLATIONS
~+ 1 eigenenergy < 1 phase-shift in infinite volume M dependence from ChPT Gasser, Leutwyler(1981)
* also with coupled channels Heetal.(2005) Extensions to resonances exist
Doring et al.(2011) HSC (2015)... Hanhart et al. (2008)... Bruns, MM (2017)
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GOALS & CHALLENGES

QCD calculations in finite volume
1) unphysical pion mass
2) (periodic) boundary conditions

— discrete momenta
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QCD calculations in finite volume

1) unphysical pion mass
2) (periodic) boundary conditions

— discrete momenta
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GOALS & CHALLENGES

QCD calculations in finite volume

1) unphysical pion mass

2) (periodic) boundary conditions

— discrete momenta &  discrete spectrum
27 3 | | ReT

~ . ImT
e T
SCTIRE ..!'
JRuiEs: gl
SIS
s =
y "'
= -

.-
:

Energy eigenvalues < poles of Tt
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GOALS & CHALLENGES

Liischer-like formalism in 3 — 3 case is under investigation
Polejaeva/Rusetsky (2012) Briceno /Hansen /Sharpe (2016)
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» extrapolations between different quark masses & energies:
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GOALS & CHALLENGES

Liischer-like formalism in 3 — 3 case is under investigation
Polejaeva/Rusetsky (2012) Briceno /Hansen /Sharpe (2016)

Some challenges
* many systems involve (resonant) two-body sub-amplitudes (e.g. N*(1440) - No — zanN)
* multiple sources for singularities
— only some yield genuine 3-body dynamics
— cancellation mechanisms have to be visible
* extrapolations between different quark masses & energies:

— 3 body scattering amplitude in infinite volume

Non-relativistic approaches based on dimer picture & effective field theory
Kreuzer, Griesshammer(2012) Hammer et al. (2016)
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GOALS & CHALLENGES

Liischer-like formalism in 3 — 3 case is under investigation
Polejaeva /Rusetsky (2012) Briceno /Hansen /Sharpe (2016)

Some challenges
* many systems involve (resonant) two-body sub-amplitudes (e.g. N*(1440) - No — zanN)
* multiple sources for singularities
— only some yield genuine 3-body dynamics
— cancellation mechanisms have to be visible
* extrapolations between different quark masses & energies:

— 3 body scattering amplitude in infinite volume

Non-relativistic approaches based on dimer picture & effective field theory
Kreuzer, Griesshammer(2012) Hammer et al. (2016)

= THIS WORK: discretize 3 — 3 scattering amplitude in isobar formulation

GOAL: quantization condition from 3-body unitarity!
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DISCRETIZATION

Partial Waves in infinite volume

o separation of angular momentum — Y, (6,¢)

* reduces dimensionality of the problem
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DISCRETIZATION

Partial Waves in infinite volume

o separation of angular momentum — Y, (6,¢)

* reduces dimensionality of the problem

In finite volume this is different
* breakdown of spherical symmetry
* For a given “shell” (radius):
— irreps of cubic group: A *,E*, etc..
— finite number of basis vectors for each irrep

— mapping to PWA not isomorph

—

4

Consider a world with one (s-wave) isobar

& project to A * (basis vector: Y, (0,¢))
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DISCRETIZATION

Partial Waves in infinite volume

o separation of angular momentum — Y, (6,¢)

* reduces dimensionality of the problem

In finite volume this is different
* breakdown of spherical symmet
* For a given “shell” (radius):
— irreps of cubic group: A *, E¥, etc..
— finite number of basis vectors for each irrep

— mapping to PWA not isomorph

—

4

Consider a world with one (s-wave) isobar

& project to A * (basis vector: Y, (0,¢))

Order momenta in shells

for {r; € Z°|r? =n,i=1,...
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DISCRETIZATION

Partial Waves in infinite volume

o separation of angular momentum — Y, (6,¢)

* reduces dimensionality of the problem

In finite volume this is different
* breakdown of spherical symmet
* For a given “shell” (radius):
— irreps of cubic group: A *, E¥, etc..
— finite number of basis vectors for each irrep

— mapping to PWA not isomorph

—

4

Consider a world with one (s-wave) isobar

& project to A * (basis vector: Y,,(0,¢))

Order momenta in shells

for {r; € Z°|r? =n,i=1,...

Ir|>=0]8=1

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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DISCRETIZATION

Partial Waves in infinite volume

Order momenta in shells

o separation of angular momentum — Y, (6,¢) 27

* reduces dimensionality of the problem

for {r; € Z°|r? =n,i=1,...

In finite volume this is different
* breakdown of spherical symmet
* For a given “shell” (radius):
— irreps of cubic group: A *,E*, etc..
— finite number of basis vectors for each irrep

— mapping to PWA not isomorph

—

¥

Consider a world with one (s-wave) isobar

& project to A * (basis vector: Y, (0,¢))

Maxim Mai (GWU) Quantization of three-body scattering amplitude

F|?=1]16=6
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DISCRETIZATION

Partial Waves in infinite volume

Order momenta in shells

o separation of angular momentum — Y, (6,¢) 27

* reduces dimensionality of the problem

for {r; € Z°|r? =n,i=1,...

In finite volume this is different

e breakdown of spherical symmet
* For a given “shell” (radius):
— irreps of cubic group: A *,E*, etc..
— finite number of basis vectors for each irrep

— mapping to PWA not isomorph

—

4

Consider a world with one (s-wave) isobar

& project to A * (basis vector: Y, (0,¢))

Maxim Mai (GWU) Quantization of three-body scattering amplitude

Ir|?=2]6=12
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DISCRETIZATION

Partial Waves in infinite volume

o separation of angular momentum — Y, (6,¢)

* reduces dimensionality of the problem

In finite volume this is different
* breakdown of spherical symmet
* For a given “shell” (radius):
— irreps of cubic group: A *,E*, etc..
— finite number of basis vectors for each irrep

— mapping to PWA not isomorph

—

4

Consider a world with one (s-wave) isobar

& project to A * (basis vector: Y, (60,¢))

Order momenta in shells

for {r; € Z°|r? =n,i=1,...

Ir|>=3]6=8

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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DISCRETIZATION

Partial Waves in infinite volume

o separation of angular momentum — Y, (6,¢)

* reduces dimensionality of the problem

In finite volume this is different
* breakdown of spherical symmet
* For a given “shell” (radius):
— irreps of cubic group: A *,E*, etc..
— finite number of basis vectors for each irrep

— mapping to PWA not isomorph

—

4

Consider a world with one (s-wave) isobar

& project to A * (basis vector: Y, (60,¢))

Order momenta in shells

for {r; € Z°|r? =n,i=1,...,9(n)}

Ir|?=4|6=6

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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DISCRETIZATION

Consider first 8 shells:

— no degeneracies like 9 = (£3)? + 0% + 0° = (£1)? + (£2)? + (£2)?

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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DISCRETIZATION

Consider first 8 shells:
— no degeneracies like 9 = (£3)? + 0% + 0° = (£1)? + (£2)? + (£2)?

— A~1 GeV for L=3 fin

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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DISCRETIZATION

Consider first 8 shells:
— no degeneracies like 9 = (£3)? + 0% + 0° = (£1)? + (£2)? + (£2)?

— A~1 GeV for L=3 fin

Y(n
Replace integrals by sums: f 2 )3 - L3 2 nesets 27:(1)

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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DISCRETIZATION

Consider first 8 shells:
— no degeneracies like 9 = (£3)? + 0% + 0° = (£1)? + (£2)? + (£2)?
— A~1 GeV for L=3 fin
9 (n)

Replace integrals by sums: f @ )3 — L3 2 nesets 2ui1

T(W) is a matrix equation w.r.t lgl, Ipl=0,1,2,3,4,5,6,8

+ + 3 £ =O=
T (5) = 7 (5) T (s)fm@)_zEnTn(s)ﬁanm ( T ) i : ( - ) : ;

Af A} 1 Af () Te(8) At T O 7
Toh (s) = B (s) — 75 D, 9(x)Bna ()5 Tort (5) 'O@O' .o

Maxim Mai (GWU) Quantization of three-body scattering amplitude 71



QUANTIZATION CONDITION

Cancellations:

_ L3

TAT (5) = T (8)TEL (8)Tom (5) — 2B (s) T

AT A 1 Af , \Tz(8) AT

Tk (s) = B — o5 3 @B (5T (5
resets X

Maxim Mai (GWU) Quantization of three-body scattering amplitude

72



QUANTIZATION CONDITION

Cancellations:

BAY singular at W+ = E,, + E,, + E(qnj + Pini)

71 singular at W** = E,, + E((2r/L)y) + E((2x/L)y + p,,;) for y € Z3

m

— when isobar-momenta are discretized in the 3-body cms momenta

T=o0(k) = M§ — s J d3£2Ee<a(k)—4E§+i6>

Maxim Mai (GWU) Quantization of three-body scattering amplitude



QUANTIZATION CONDITION

Cancellations:

Maxim Mai (GWU)

— fin. vol. normalization of &-distribution!

BAY singular at W+ = E,, + E,, + E(qnj + Pini)

71 singular at W** = E,, + E((2r/L)y) + E((2x/L)y + p,,;) for y € Z3

m

— when isobar-momenta are discretized in the 3-body cms momenta

T=o0(k) = M§ — s J d3£2Ee<a(k)—4E§+i6>

Quantization of three-body scattering amplitude
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QUANTIZATION CONDITION

Cancellations:

T (8) = T (8)Tnm (8)Tm (s) — 2E,7(s) 90 Onm
TA) = Bt - 75 3 9Bl VB2l

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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RESULTS (L=3 fm, M=138 MeV)

[arbitrary units]
o

0o 200

Maxim Mai (GWU)

400 600 800
W [MeV]

N\

0 1200

Isobar propagator poles

Quantization of three-body scattering amplitude
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RESULTS (L=3 fm, M=138 MeV)

[arbitrary units]
o

0o 200

Maxim Mai (GWU)

Free energy eigenvalues

400 600 800
W [MeV]

Quantization of three-body scattering amplitude

1000 1200
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RESULTS (L=3 fm, M=138 MeV)

[arbitrary units]
o

Maxim Mai (GWU)

.-".-_.-
—— o e

&
_________.{__.-_.._________

200 400 600 800 1000 1200
W [MeV]

Quantization of three-body scattering amplitude
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RESULTS (L=3 fm, M=138 MeV)

[arbitrary units]
T‘;

e
o, e o] T ——— e ——— i — ——

200

400 600 80 1000

0
W [MeV]
Det BAT(S)[QEQ(}((%} +T(S)_1] =0

Maxim Mai (GWU)

Quantization of three-body scattering amplitude

1200
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SUMMARY

3-body amplitude in infinite volume Finite volume investigation:
* 3-body Unitarity dictates imaginary parts of  Discretization techniques
the driving term & isobar propagator  Quantization condition

e Result: 3-dim. relativistic integral equations e Case study — practicability!

OUTLOOK

— include angular momentum / isospin / multiple isobars

— practical studies: a (1260), ...







Maxim Mai (GWU)

SPARES

Quantization of three-body scattering amplitude
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e« T (W)=vI/Dv

3 free parameter: 3 (form factor), A (strength of coupling), MO (“bare mass of isobar™)
* Fixed to reproduce typical phase-shifts
— just to get into the same ballpark

//_ﬁ‘:
150} ]
e J
1[][]' ]
i
5[]-—//(..3
400 600 800 1000 1200
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11 [arbitraty units]
=

-~ ——
- 4
| ~-7
¥
l:
| .
1 1 I 1
400 600 800 1200
W [MeV]

Maxim Mai (GWU)

[arbitrary units]

!

400

Quantization of three-body scattering amplitude

600

1200
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Unitarity & Matching

* 3-body Unitarity (normalization condition < phase space integral)

(g1, a2, a3|(T=T")|p1, p2, p3) = ifp<Q1aQ2>Q3|TAT|k1,kz,k3><k17k2,k3|T|P17P2,P3>
. 4 N— 4
g S

': !

':

X

Originally considered by \‘
AAY

Maxim Mai (GWU) Quantization of three-body scattering amplitude
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