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The Nucleon Axial Coupling

• Free neutron lifetime


• Nuclear force


• Nuclear β decay
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A long-outstanding problem for LQCD
Bhattacharya, Cohen, Gupta, Joseph, Lin, Yoon PRD 89 (2014) arXiv:1306.5435



LQCD Systematics

continuum limit

infinite volume limitphysical quark masses



MILC Ensembles

• Anyone is free to use them 

• Large statistics available 

• Capable of controlling all systematic uncertainties 

• We use domain wall valence on the HISQ sea,  �(a
2
) errors [ 1701.07559 ].

MILC Collaboration Phys. Rev. D87 (2013) 054505

abbr. a [fm] ml/ms volume m⇡ [MeV] m⇡L Ncfg M5 ↵ L5 Nsrc

a15m310 0.15 0.2 16

3 ⇥ 48 310 3.8 1960 1.3 2.0 12 24

a15m220 0.15 0.1 24

3 ⇥ 48 220 4.0 1000 1.3 2.5 16 12

a15m130 0.15 0.036 32

3 ⇥ 48 135 3.2 1000 1.3 3.5 24 5

a12m400 0.12 0.334 24

3 ⇥ 64 400 5.8 1000 1.2 1.5 8 8

a12m350 0.12 0.255 24

3 ⇥ 64 350 5.1 1000 1.2 1.5 8 8

a12m310 0.12 0.2 24

3 ⇥ 64 310 4.5 1053 1.2 1.5 8 4

a12m220L 0.12 0.1 40

3 ⇥ 64 220 5.4 1000 1.2 2.0 12 4

a12m220 0.12 0.1 32

3 ⇥ 64 220 4.3 1000 1.2 2.0 12 4

a12m220S 0.12 0.1 24

3 ⇥ 64 220 3.2 1000 1.2 2.0 12 4

a12m130 0.12 0.036 48

3 ⇥ 64 135 3.9 1000 1.2 3.0 20 3

a09m310 0.09 0.2 32

3 ⇥ 96 310 4.5 784 1.1 1.5 6 8

a09m220 0.09 0.1 48

3 ⇥ 96 220 4.7 1001 1.1 1.5 8 6

coarser

middle

finer



infinite volume limit

LQCD Systematics

any calculation continuum limit

physical quark masses

method, fitting, and analysis



New Methods

New Analytic Tools Computationally 
Affordable

Improved 
Systematics



2-Point Standard Method
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Effective Mass

2

element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.

Z
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The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,
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Consider the derivative of the e↵ective mass in the pres-
ence of the external current
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From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest
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Relation to other methods:

derivative of e↵ective mass

Implementation:

Systematics:

An application: the nucleon axial charge:

Conclusions:

⇤
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awalker-loud@lbl.gov
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3-Point Standard Method
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Standard Method
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

PNDME Phys. Rev. D94 (2016) arXiv:1606.07049

tmin

tmax

τ



Feynman-Hellman Method

tmin tmin

Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963



Feynman-Hellman Method

tmin tmin

Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963



Feynman-Hellman Method

tmin tmin

all spacetime

Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963



Feynman-Hellman Method

tmin tmin

S(x, xi) X

y

S(x, y)�S(y, xi)

Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963

(cf. the summation method)



Feynman-Hellman Method
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Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963
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Improved systematics
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Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963
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Improved systematics
Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963
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Improved systematics
Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963
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Example Effective Matrix Element

tmin

arXiv:1704.01114
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Improved Systematics
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
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PNDME Phys. Rev. D94 (2016) arXiv:1606.07049
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• Not QCD Specific 
• Any fermion 

bilinear matrix 
element

• 3-point → 2-point 
function: easier 
fits 

• Known spectral 
decomposition

• Stochastic 
enhancement 

• 3/2 the cost of 
one temporal 
separation



Systematics for an example point
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Systematics for an example point
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Fit to χPT
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Finite-Volume Correction
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Continuum Extrapolation
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Chiral Extrapolation
arXiv:1704.01114
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χPT Convergence
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Error Budget
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Comparison with the summation method
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Smearing Study

0 2 4 6 8 10

t

0.75

0.80

0.85

0.90

0.95

1.00

1.05

1.10

m
ef

f
N

(t
)

a15m310

tgf = 0.2

tgf = 0.4

tgf = 0.6

tgf = 0.8

tgf = 1.0

4 6 8 10 12 14 16 18

t

0.18

0.20

0.22

0.24

0.26

0.28

0.30

0.32

m
ef

f
⇡

(t
)

a15m310

tgf = 0.2

tgf = 0.4

tgf = 0.6

tgf = 0.8

tgf = 1.0

0.0 0.2 0.4 0.6 0.8 1.0

tgf

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

Z
A

m⇡ ⇠ 310 MeV

a ⇠ 0.09 fm
a ⇠ 0.12 fm
a ⇠ 0.15 fm

0.0 0.2 0.4 0.6 0.8

(a/w0)2
9.5

10.0

10.5

11.0

11.5

12.0

12.5

m
N
/F

⇡

m⇡ ⇠ 310 MeV

tgf = 1.0

tgf = 0.8

tgf = 0.6

tgf = 0.4

tgf = 0.2



Nonperturbative Renormalization
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What does this have to do with Feynman-Hellman?
Bouchard, Chang, Kurt, Orginos, Walker-Loud  arXiv:1612.06963
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@Ĥ�

@�

����� �

+

C(t)

@�E0 = a matrix element of interest



What does this have to do with Feynman-Hellman?
Bouchard, Chang, Kurt, Orginos, Walker-Loud  arXiv:1612.06963

@me↵

@�

����
�=0

=
1

⌧


@�C(t)

C(t)
� @�C(t+ ⌧)

C(t+ ⌧)

�����
�=0

S[U ] ! S[U ] + �

Z

x

J (x)O(x)

@

�

C(t) = �
⌧
N (t)

✓Z

x

J (x)O(x)

◆
N̄ (0)

�

Σx

t!1���! gA +O
�
e�Ent

�

Jµ(x) = 1

Oµ(x) = q̄�

µ
�

5
⌧

+
q



Details of the spectral representation: 2-point 

2

element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.
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The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,
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Consider the derivative of the e↵ective mass in the pres-
ence of the external current
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From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest
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Relation to other methods:
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Details of the spectral representation: 3-point
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