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Introduction

By using chiral low-momentum interactions, nuclear matter can be
calculated reliably in many-body perturbation theory, also at finite T
Recent work of Darmstadt-group [PRC88, 025802 ('15)]:

Neutron matter equation-of-state up to third-order ladder diagrams
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New feature at third order: particle-hole ring diagrams

First considered by L. Coraggio, J.W. Holt, et al., PRC91, 054311 ('15):
3rd order ph-diagrams provide at ks = 1.3fm~" a few MeV repulsion

No details for 3rd order calc. with NN-potential in partial-wave represent.
Tensor interaction with mixing L = J & 1 leads to complicated recouplings
Present semi-analytical approach allows for tests with model interactions
Improved calc. of 3rd order ph-diagram [Holt + Kaiser, PRC95, 034326 ('17)]

Third-order many-body contributions



3rd order ph-ring diagrams with contact-interactions

@ Known from low-density expansion: 3rd order ph-contribution from
contact-interaction proportional to S-wave scattering length a

E(k)® = (g - 1)(3 - g)‘”f

2.7950523

g is spin-degeneracy factor, density p = gk?/6x2, a > 0 attraction

@ Nuclear Fermi gas with two different scattering lengths: as and a;

E(k)®" = 1. 04814467(35 + K (5.2 | 542 14a.a)
M

@ Extend this result to general ©(p?) NN-contact interaction (9 parameters)
@ Derive 3rd order ring energy per particle due to finite-range interactions
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3rd order ph-ring diagrams with contact-interactions

@ Direct and exchange-type 3-ring diagrams: I+ /I+/ll4+1V = (dir—exc)®/6

I

O‘J:;Q

.

@ Antisymmetrized Galilei-invariant contact-interaction (ala Skyrme)

Vsk = PoPrVailg & =(1—PsP; ){to (1+xPs )+ (1 + X1 Ps)( qout+q1§)}
+(1 + PO'PT)IZ(1 +X2P0')q()l]l qm (1 a4 PT)’WO(U1 +U2) (qOUthin)

Spin and isospin exchange operators: P, =(1+&1-52)/2, P =(1+7-%2)/2,
Gn=(B1 —B2)/2, Gou = (B — P2 )/2 momentum differences in initial/final state,
completed to general O(p?) contact-interaction by adding 2 tensor terms
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3rd order ph ring-diagrams from contact interactions

@ Triple spin- and isospin-traces:
—tr1lr2tr3{(A+Bé’1 -Go+CFy - To+ DGy - GoTy To)(A +B'5p-Ga+C'7o-Ta+ D' 5a-FaTo-73)
X(A"+B"33-531+C" -7 +D" 53-5175 ‘?1)} = AA'A" +3BB'B" +3CC'C"+9DD' D"

@ Resulting interaction product, exploiting permutational symmetry (123)

1263(1-6x8) + 981 (1-268 —4xox) (13+°) + 9B [5+4re-+ 23 (1-+2x2)] (13 —5%)

9 -0 o, _ 9

+ng[12(1 — 4xoX1 — 2X12)(/1§ /1§ + 2/15 q2 + q4) + §t0t1 t [5 + 4xo + 2XOX1(1 + 2X2)}
S0 N 9 S0 =

x (ks ks — %) + 65 (5 + 8% +21) (ks 1 — 2

2G°+3d"

9 SR =
+— b [5+ 2x% + 4x(1 + X12)] (’15 [5hs +h3h3

E1
9 p222 727222 72 a4 | =
+1g £(5+8x +2x5)(heh5hs — 513G —T5G* +G°)
3 P 2220 p | om2 a4
+Et13(1 - 6X12)(/1§/1§lzg +3h3 713 G2 + 82 g* +q6)

& SAmaT —awm = 2824 =
+35(35 + 84x + 78x% +28x3) (1212 T,2 — 31,372 G2 + 312G* — §°)
+OWs (i xG)- (ha x G){4t(1 + x0) + tr(1 + x1)(bs + G°) + 56(1 + %) (s — G°)}

I;=T—1; difference of loop-momenta, g flows through polarization-bubbles
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Euclidean polarization functions

@ Finite-temperature formalism in limit T — 0 gives the representation:
a®l 1
(27 jw+T-G/M

Nw,§) = {60k — 7= G/2)) — 6k — [T+ G/2))}

Fermionic Matsubara-sum yields Fermi-distributions — step-functions

@ Euclidean polarization function: M[1](w, §) = Mk Qu(s, x)/(47°s),
setting |g | = 2sk;, w = 2skk? /M, agrees with alternative derivations

(1+58)? +x2

1
— skarctan —_—
" (1—58)2+r2

1+s
Qo(s, k) = s — skarctan *

S, (173 + 12)In

@ For contact-interaction: 3-loops factorize into “cube” of 1-loop

2 Mks{% Qi (s, k) + (q,q/ = —) Qs (s, H)}

. MK? .
ng = _4ﬂ2fs ix Qo(s, w) g, N[if] =
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3rd order ph-ring energy per particle

@ Translate products of scalar-products into cubic expressions in Q;(s, x)
@ Resulting 3-ring energy per particle for isospin-symmetric nuclear matter

M2k3
= 3ph 2 2 .2 2
E(k)*™ = ﬁ{rgu — 65Ny + kP 5t (1 — 2x§ — 4xoxq) N>

+h2 2[5+ dxp + 22 (1 + 2x0) ] N3 + Ki fot2(4xoxq + 2x2 — 1),

5 5

i oty o [5 +x0%1 (1 + 2xp) + 2 | N5 + Kf tof3 [5 + 43 + X5 | No
5 5

+Kk8 £t [5 +x2 4 2x(1 + x12)]./\/7 + Kby [5 +4xp + XZZ]NB

5 39
+KE (1 = 6X7)No + k7 fg[z +3% + ﬁxg +x| N

i WG [0+ x0) N1 + K (14 xa) N1 + K (1 +X2)N13}}

@ For neutron matter isospin-factors change, no Ni1,12 terms (381 -state)

MPKS f 3 3 22 2
%ﬁg {to(xo — 1) Ny + Kk toti(xo — 1) (xy — )N

K2 Bl (xo — 1P (e + 1)3N3 + K o2 (1 — x0)(xy — 1) A

En(kn)™ =

4 3Ns 4, 2 2 3N
o otz (o — D1 — Dk + 1) —= + Ky ol (1 = X0)(1 +xe)” —=

3N 3N
+k8 Bo(1 — xp)2(1 +x2)77 F KA — x)(1 + %) 78

45N 8N,
RSB0 — 1PN + K B (1 + x0)° 710 + K W2h(1 + xp) 5‘3 }
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Calculation of four-loop coefficients

@ For fourth loop-integral [dw [d®q/(2x)* introduce polar coordinates
in sk-plane: s =rcosy, k = rsine

oo
N1:12/ ar
0 0

@ Dimensional regularization of Aj: subtract power divergences [/ dr r?"

/2
de r[Qu(s, x)]® = 4.1925784

co /2 16
N = / dr/ d<p{18r Q[+ (252 +#2) Qo) —— cos’p (2-+-cos 2@} — —0.4633512
0 0

co /2 16
Ns = / dr/ d«p{18r QB[ + (v — 25°)Q] + — cos’p cos 2¢} — 2259163
0 0

@ Expand integrands up to r—* and include a/fnax +as/3r3,, for outside
region r > rmax, accurate and well converged results for 20 < . < 40

@ Method verified by rederiving analytical results for 2nd order contribut.
@ Remaining four-loop coefficients in dimensional regularization:
Ny =2.902123, N5 =2.12658, N = 0.438970, N7 =0.48756,

N = —0.27614, Ng=—1.01924, N = 0.315484,
Nij = —2.244200, Njp = —2.30577, Niz = 2.53887
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Recovering second-order contributions

@ 2nd order particle-particle ladder diagram = 2-ring particle-hole diagram,
factor 1/2 not to double-count direct + exchange term via (dir — exc)?
_ 3Mk
E(kp)™ = 32ﬂ; {t§(1 +X8) 21 + K tots (1 + Xox1) 22

KA (14 x2) 25 + k* £2(5 + 8x, + 5x2) 24 + k* W0225}

@ Three-loop coefficients Z; in dimensional regularization:

oo /2 4 4
) = 78/ dr/ dw{srsog - wos%;} = 3.451697 = —~ (11 — 2In2),,
b 2k 3 35

87

945
™
—__(1083—156In2),

[eS] /2
Zp = 724/ dr/ d<p{rs Qo[Qr + (28° + ,«ﬁ)oo]} =3.99902 = —— (167—24In2),
0 0 reg

Zy=1.37573 = — . (4943-564In2),  Z, = 0.0931718 =
10395 31185

z —128/Oodr/ﬂ/2d {*a(@ - an} =270935 = 167 631 — 102In2)
T T g P ~ 10395
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Tensorial contact-terms

@ Contact-interaction of O(p?) gets completed by adding two tensor terms

N o= L o 1. . . =
Vien— Po Pr Vien| 2 =(1- Pr)f4{51'qmn G2 Gout+1 - Gin 02'Qin—§<71‘t72(qoit+0in2)}

Gout — —Gout

o S s s S s 2, . . -
+(1+ P7) 15{01 *Qout 02 Qin + 01 * Qin 02" Qout — 30102 Qout - qin}

@ Tensor contributions to 3-ring energy per particle (& absent in n-matter)

E(k)™

. 7{k, Ws [ts Nig + t5 Nis]

+£ [to(xo — 2)Nig + K t1(x1 — 2)Ni7 + KZ bo(X + 2)Nig]
+iats [foXo Nig + K2 tyxy Noo + K boxo Noai]
+f52 [f0(3X0 — 2)./\/22 + kfz ty (3X1 — 2)N23 + k,z [2(3X2 + 2)/\/24]

v [tff Nas + 215 Nag + t412 Noy + £ Nos) } ;

_ 2t
En(ka)™ {k2 > [WE Nis + £ Nag)

24n7
+£ [to(xo — 1)Naz + K5 ti(x1 — 1)Nas + K o0z + 1)N2a] }

@ Spin-traces — triple scalar-products — cubic expressions in Q(s, x)

@ Accurate four-loop coefficients calculated in dimensional regularization:
Nig = 0.8722, N5 = —5.0175, N1 = —2.9160, N7 = —2.7834, Nig = 0.42202,
Nig = 10.154, Ny = 8.0564, Ny = —0.7457, Npp = —1.0762, ..., Nog = 5.4015
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3rd order ring diagrams with 17-exchange

111

@ Antisymmetrized one-pion exchange interaction:

V. 9a {~ . G1-(Gin—Gout) 52 (Gin — Gout)

1 - - T = =
mi F (qm*qoul)z

25_’:1 ‘(Eiin+aout) 52‘([7}n+aom) aF (1 - 51 '32)(6in+aou()2 }
M2+ (Gin+Gow )

1
+Z(7_:1 T2 —3)

v

@ Direct 3-ring energy per particle in symmetric nuclear matter: 3=m2 /4k?

= 395 M2 k7 °° °° Q(s, )
E(kf)(l) = 307 7f6 / / [ szoj_ﬁ )] <0, sizeable!
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3rd order ring diagrams with 17-exchange

@ Contribution of exchange-type diagram Il = —dir? - exc/2

9giM2K3 I -
E(k)™ = gA /ds dr dl1/d12/dx/dy o QO (5 %) (s* + ) {(s+x)(s+y)
3

)7 8 } [(s + x)2 + w2][(s + y)? + 2]
e

1/2

28+ (x — )P][% = (s + X)(s + V] W, (28 + (25 + x + y)?] [<2 + (s + X)(s + )] W, ‘/2}

@ Outcome for third-order pion ring energy per particle
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Third-order pion-exchange ring-diagrams
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@ Exchange-type contributions suppressed but attractive: |/| > |/l| > |lll|

@ Net result E(ky)~—92MeV at py=0.16fm~2 very large, E,~—12.7 MeV

@ Semi-analytical approach allows to benchmark numerical computations
of 3ph ring diagram based on partial-wave decomp. for test-interactions
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3rd order ring diagrams with chiral NN-interaction

@ Now, the real thing: third-order ring diagrams with chiral NN-interaction

@ Partial-wave based num. computation tested for model-type interactions:
2 L = =
g 2, o 01-qo2-q
m, Viensor = —g 7’1'sz
@ For pure spin-orbit interaction: 3rd order ring diagrams vanish identically,
spin-trace zero « delicate cancelations in multiple partial-wave sums

Veentral = —

T
[ . s ]
r e ® e L R
— L= e —
= Oré/sr = =
(5] AN
s ° s
= o o -
_L: = o~ A
d e~
‘£ e SNM_414
g = SNM_450 °
o _F |  SNM_s00 . ]
g-z— —— PNM_414 7]
> [ |--- PNM_450 ° ]
g0 [ |-=- PNM_500 °
s ar .
S -3 N 4
[ 3rd order particle-hole ring diagrams ¢ e o]
4 Ll P P IR BRI A
0 0.05 0.1 0.15 0.2 0.25 0.3
. 3
density :  p[m7]

@ For N3LO chiral NN-potential with low resolution scale A= (410—500) MeV,
3rd order particle-hole contribution bounded by a few MeV up to p = 2p9

@ Extensive numerical computations performed by J.W. Holt (TAMU)
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Nuclear and neutron matter at third order from chiral NN-interactions

@ Third-order calculations with selfconsistent single-particle energies,
chiral N3LO potential + 3N interaction with cutoffs A= (414, 450, 500) MeV

T T
—— Chiral_414 (2nd SC) o[ 411 1
— Chiral_450 (2nd SC) ~~~ Chiral_450 (Is0)
0 — Chiral_S00 (2nd SC) ]
——~ Chiral_414 (2nd HF)
- Chiral_450 (2nd HF) 30| — Chiral 450 (2nd SC) 1
SN ~—~ Chiral_500 (2nd HF) - —— Chiral_500 (2nd SC)
S 5F @ Chiral_414 (3rd SC) 1 z . C 14 (3rd SC)
] N Chiral_450 (3rd SC) 32 = Chiral_450 (3rd SC)
=1 S_20[-| + Chiral_s00 (3rd SC)
=0 =
15k 10 ]
20 L L L L 0
0.05 0.1 0.15 0.2 0.25 0.05 0.1 Y0-15 0.2 0.25
p () p, (fm™)
40 T T 40
£ [== NLO 450 A E E
3 —— NLO_500 35
—— N2LO_450
30F | — N2L0 500 E 30F Comprehensive
- N3LO_450* uncertainty band
o 25F  [1x- NsLosor I S5F onaor -
2 20k 2 50 A~ 400500 Mev
Ssp s
10F 10
St 5
0 | | I I 0 | | L .
0.05 0.1 0.15 0.2 025 0.05 0.1 0.15 02 025
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@ Convergence of many-body perturbation theory well under control
@ Largest uncertainty from higher-order chiral forces [PRC95, 034326 ('17)]
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Third-order ladder diagrams with contact-interactions

@ Known from low-density expansion: contributions up to 3rd order ladder
diagrams from contact-interaction prop. to S-wave scattering length a

E(kf)lad=(9*1)%2,{ Zk’+—(1172| 2)( ) 1. 1716223<ak’> }

@ Extend this result to general O(p?) contact-interaction (7+2 parameters)

t
Veont = to(1 + X0 Po) + 51(1 +x1Ps )(qout + Qlﬁ) + (1 + X2P5 ) Gout - Gin
+iWo (31 + G2) - (Gour X Gin) + Vien(ta, t5)

@ Third-order Hartree (direct) and Fock (exchange) ladder diagrams

D 9

@ Twice-iterated interaction in medium integrated over two Fermi spheres
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In-medium loop functions

@ Inner two loop integrals factorize via complex in-medium loop function

o(151 k) (ki —151) i B}
= — 27w 2M —
po sy mopTaM- ,5 = a2 P BY/2M 6k 1B

i

o lts real part: P = (p +p2)/2 4= (p —p2)/2 where |1, 2\ < kg

a®
(zﬂ)glz—{e(kf |B—T1)+ 00k — [P+ 7))~ 1} = 7,:;(“) e
R(S,H):2+?S[1—(s+n)]|n“:§7t';+?s[1_(s_n)]ln1tsﬁ

dimensionless variables s = |P|/k; and « = |G| /k; satisfy s? + k2 < 1
@ lts imaginary part: dropping [1 — 6(..)][1 — 6(..)] — 0 by Pauli-blocking

s Mo~ %) 00y — 1B~ T 00k [P +T) = o5, ),

I(s, k) = r 6(1 7sfn)+213(1 — S — k) O(s+r—1)
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In-medium loop functions

@ P-wave interactions introduce factor //; in loop integrals, decompose this
tensor into a transversal and a longitudinal part

MK - o
real part: @{Rl(s, ®)[65 — PiPj] + Ry (s, n)P,-P,-},

. LM
Imaginar re
aginary pa 1272

relations: 2R, + R =4+3x°R, 2+ =3I

{u(s, r)[65 — PiP] + Iy (s, n)f’,-/:",-},

@ Mixing terms of S- and P-wave interactions vanish in a medium with one
single Fermi momentum ki, i.e. without isospin- or spin-asymmetries,
weight functions 6(k; — |P & [|) in loop integral are even under | — —/

@ Proper real-valued integrand for energy density pE at third order

2
(R— ixl)? + (R — inl)(2inl) + %(2:'771)2 —R-TF
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Evaluation of 3rd order ladder diagrams: S-wave interactions

@ Results in pure neutron matter (only 'Sy, P, — —1), density pp = k3 /372
E 3lad _ 3 2 52 2
Enlkn) ™ = o1 6{r (1= x0)°Bs + k2 B (1 — x0)2(1 — x1)B2

+h4 (1 = x0)(1 = x1)?Bs + K (1 — x1)° By }

@ Four-loop coefficients with high numerical accuracy, ty(x — 1) = 4ra/M

o
B, —B/dss / dm/(s x)[3R? — w2 /7] = 1.1716223,

N
S/dss / dnn/[Sn (3R%—7%I?)+8R]= 1.9893144

B; = 1.360736, B, = 0.3344923
@ Result in isospin-symmetric nuclear matter, density p = 2k?3 /372
C 3lad _ M k 3
E(k) {t (1+3x3)B; + k2 2t;(1 + X2 + 2x0x1) B,

—|—kf t0t1 (1 + 2XOX1 + X1 )Bg + ka t?( + 3X1 )84}

@ Sum contributions from isotriplet 'S;- and isosinglet °S; -states
[B(1 — x0)° + 365 (1 + x0)°] /2 = 365 (1 + 3x),
[B4(1 — x0)2(1 — x1) + 36 (1 + x0)°(1 + x1)] /2 = 34 (1 + ¢ + 2x0%)
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Evaluation of 3rd order ladder diagrams: P-wave interactions

@ Results for neutron matter (only *Py 1 ») and symmetric nuclear matter

En(kn)¥d = {t3(1 + %)%Bs5 + (1 + x) W2B5 + W2 57}

646

_ M2k11 t3 3
E(kf)Slad — 5476 { 2(5+12X2+15X2+4X )BS+7(1+X2)W236+ 2W3B7}

Spin-traces: Hartree tr,, tr,,, Fock tr., ., taking care of ordering
£-term: 9(1 + x2)3 — [3(1 — x2)® +27(1 + x2)3] /2 = 3(5+ 12x2 + 15x2 + 4x3)
Isotriplet 3P,-interactions: 3(Hart+Fock)=4Hart+2Fock, thus: Hart=Fock
Pertinent four- Ioop coeffcients computed from double-integrals

/dss / S [2IL(3R —m?R) + 3RS — /H)}: 0.06699116,

128 Vi-s
Bs = / / dm{u [3/?2 +2R.R) +A; - ?(3/ +20 ) + /”)}

2
+) [m(/::L +2R)) - %IJ_(IJ_ + 2/“)] }: 1.327456 ,

_ 128 Vi-& 2
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Tensor contact-interactions up to third order

@ Tensor contributions in neutron matter (only 3P,) and symmetric N-matter

: M2k
En(kn)3ldd =1 6 {t5 WO Bg + t5 t2(1 ar XQ)Bg P t5 WoBio + ts B11}
2k11

55

- 3
E (k) = { t5W258+ t5t2(1+x2)Bg+ t52WOB10

3 _
+§1§311 + k2 2t(1 + X0) B2 + 211 (1 +X1)B13}

ts-term acts in 3 P,-states, t5t2 and ts£; W interferences give spin-trace =0
Bg = —2.243263, By =2.042028, B;j=6.66812, Bj; = —1.655323
Tensorial t,-term responsible for °S;D;-mixing: P, — 1, param. ty 1(1+xp.1)
Spin-traces give: Hart = Fock, relevant in nuclear matter: 4 Hart - 2 Fock
Pertinent four-loop coefficients: By, = 2.421103, Bz = 1.559127

Summary: Semi-analytical many-body calculations

Third-order particle-hole ring diagrams from O(p?) contact-interaction
3-ring energy per particle from 17-exchange (very large)

and low-momentum chiral NN-potentials (moderately small)
Third-order ladder diagrams from general O(p?) NN-contact interaction
Four-loop coefficients computed accurately from double-integrals
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