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Scattering: wave function vs transition operator

Schrödinger equation

(H0+v)|ψ〉= E|ψ〉

+ impose asymptotic boundary conditions explicitly
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Scattering: wave function vs transition operator

Schrödinger equation

(H0+v)|ψ〉= E|ψ〉

+ impose asymptotic boundary conditions explicitly

asymptotic boundary conditions ensured in
Lippmann-Schwinger equation

wave function |ψ〉= |k〉+G0v|ψ〉

G0 = (E+ i0−H0)
−1

transition matrix T|k〉= v|ψ〉
T = v+vG0T

|ψ〉= |k〉+G0T|k〉



4N scattering

Hamiltonian H0+∑
i> j

vi j

• •

•

•

v12

1

2

3

4

Wave function:
Schrödinger equation (HH + Kohn VP, r-space)
[M. Viviani, A. Kievsky, L. E. Marcucci, S. Rosati, L. Girlanda]

Wave function components:
Faddeev-Yakubovsky equations (r-space)
[R. Lazauskas, J. Carbonell]

Transition operators:
Alt-Grassberger-Sandhas equations (p-space)
[AD, A. C. Fonseca]



4-body scattering: AGS equations

4-body transition operators

ti = vi +viG0ti

G0 = (E+ i0−H0)
−1

U jk
γ = G−1

0 δ̄ jk +∑
i

δ̄ ji tiG0U
ik
γ

U
ji
βα = (G0 tiG0)

−1δ̄βαδ ji +∑
γk

δ̄βγU
jk

γ G0tkG0U
ki
γα

i, j,k: pairs ( ≡ three-cluster (2+1+1) partitions)
α,β,γ: two-cluster (1+3 or 2+2) partitions
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4-body transition operators

ti = vi +viG0ti

G0 = (E+ i0−H0)
−1

U jk
γ = G−1

0 δ̄ jk +∑
i

δ̄ ji tiG0U
ik
γ

U
ji
βα = (G0 tiG0)

−1δ̄βαδ ji +∑
γk

δ̄βγU
jk

γ G0tkG0U
ki
γα

i, j,k: pairs ( ≡ three-cluster (2+1+1) partitions)
α,β,γ: two-cluster (1+3 or 2+2) partitions

wave function

|Ψα〉= |Φα〉+∑
γ jki

G0 t j G0U jk
γ G0 tk G0U

ki
γα|φ

i
α〉

|Φα〉= ∑
i

|φi
α〉, |φi

α〉= G0∑
j

δ̄i j t j |φ j
α〉



4-body scattering amplitudes

two-cluster reactions:

〈Φβ|Tβα|Φα〉= ∑
ji

〈φ j
β|U

ji
βα|φ

i
α〉

three-cluster breakup:

〈Φ j |T j
α |Φα〉= ∑

βki

〈Φ j |U jk
β G0 tk G0U

ki
βα|φ

i
α〉

four-cluster breakup:

〈Φ0|T0α|Φα〉= ∑
β jki

〈Φ0|t j G0U jk
β G0 tk G0U

ki
βα|φ

i
α〉

[PRC 75, 014005; PRA 85, 012708]



Symmetrized AGS equations

t = v+vG0t

G0 = (E+ iε−H0)
−1

U j = PjG
−1
0 +Pj tG0U j

3+1 : P1 = P12P23+P13P23

2+2 : P2 = P13P24

U11 = (G0 tG0)
−1ζP34+ζP34U1G0 tG0U11+U2G0 tG0U21

U21 = (G0 tG0)
−1(1+ζP34)+(1+ζP34)U1G0 tG0U11

U12 = (G0 tG0)
−1+ζP34U1G0 tG0U12+U2G0 tG0U22

U22 = (1+ζP34)U1G0 tG0U12

ζ =−1 (+1) for fermions (bosons)

basis states partially symmetrized



Scattering amplitudes: E+ iε → E+ i0

2-cluster reactions:

Tf i = sf i〈φ f |U f i|φi〉

|φ j〉= G0tPj |φ j〉

|Φ j〉= (1+Pj)|φ j〉

3-cluster breakup/recombination:

T3i = s3i〈φ3|[(1+ζP34)U1G0 tG0U1i +U2G0 tG0U2i]|φi〉

4-cluster breakup/recombination:

T4i = s4i{〈φ4|[1+(1+P1)ζP34](1+P1)tG0U1G0 tG0U1i|φi〉

+ 〈φ4|(1+P1)(1+P2)tG0U2G0 tG0U2i|φi〉}



Solution of 4N AGS equations

U11|φ1〉= −G−1
0 P34P1|φ1〉−P34U1G0 tG0U11|φ1〉+U2G0 tG0U21|φ1〉

 1

k k kx k kx

k

y

z

z y

2

momentum-space partial-wave basis
|kxkykz[lz({ly[(lxSx) jxsy]Sy}Jysz)Sz]JM, [(Txty)Tytz]TMT〉1

|kxkykz[lz{(lxSx) jx[ly(sysz)Sy] jy}Sz]JM, [Tx(tytz)Tz]TMT〉2

large system (up to 30000) of coupled 3-variable
integral equations with integrable singularities

Coulomb interaction: screening and renormalization
[PRC 75, 014005, PRL 98, 162502]



Realistic NN potentials

2NF 3NF 4NF B3H (MeV)
INOY04 8.49
CD Bonn + ∆ 1∆ 1∆ 8.28
CD Bonn 8.00
N3LO 7.85
AV18 7.62



Benchmark: p-3Hescattering
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Benchmark: p-3H scattering (N3LO)
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Singularities of 4N AGS equations

3H, 3He, or d+d bound state poles

G0U jG0 →
Pj |φ j〉sj j 〈φ j |Pj

E+ iε−Eb
j −k2

z/2µj
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Singularities of 4N AGS equations

3H, 3He, or d+d bound state poles

G0U jG0 →
Pj |φ j〉sj j 〈φ j |Pj

E+ iε−Eb
j −k2

z/2µj

deuteron bound state poles

t →
v|φd〉〈φd|v

E+ iε−ed −k2
y/2µy

j −k2
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free resolvent

G0 →
1

E+ iε−k2
x/2µx

j −k2
y/2µy

j −k2
z/2µj



Treatment of singularities above breakup

Complex-energy method:

1. solve for U f i(E+ iε) with finite ε = ε1, ...,εn

2. extrapolate to ε → 0 for physical amplitudes U f i(E+ i0)
[ L. Schlessinger, PR 167, 1411 (1968)]
[ H. Kamada et al, Prog. Theor. Phys. 109, 869L (2003)]



Integration with special weights

accuracy & efficiency of the complex-energy method is
greatly improved by a special integration

∫ b

a

f (x)
xn

0+ iy0−xn
dx≈

N

∑
j=1

f (x j)w j(n,x0,y0,a,b)

where the quasi-singular factor is absorbed into special
weights

w j(n,x0,y0,a,b) =
∫ b

a

Sj(x)
xn

0+ iy0−xn
dx

that may be calculated using spline functions {Sj(x)} for
standard Gaussian grid {x j} [PRC 86, 011001]



Extrapolation ε → 0: 3H(p,n)3He at 24 MeV

 0

 10

 20
dσ

/d
Ω

 (
m

b/
sr

)

[εmin,εmax]/MeV:

[2.0, 4.0]
[2.4, 4.0]
[2.8, 4.0]
[2.4, 3.6]
ε = 2.0 MeV

-0.2

0.0

0 60 120 180

A
y

Θc.m. (deg)



n+3He total and partial cross sections
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[PRL 113, 102502; PRC 90, 044002]



d+d transfer and breakup cross sections
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p+3H elastic scattering
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p+3H elastic scattering
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Charge exchange reaction 3H(p,n)3He
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Nucleon polarization in 3H(p,n)3He

-0.2

0.0

0.2

A
y

Ep = 6.0 MeV

INOY04
CD Bonn
CD Bonn + ∆

Ep = 9.9 MeV Ep = 13.6 MeV

-0.2

0.0

0.2

0 60 120

P
y

Θc.m. (deg)
0 60 120

Θc.m. (deg)
0 60 120

Θc.m. (deg)



Spin transfer in 3H(p,n)3He
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d+d elastic scattering
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d+d elastic scattering: analyzing powers
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Transfer reaction 2H(d,n)3He
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Transfer reaction 2H(d, p)3H
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Transfer reaction 2H(d, p)3H: analyzing powers
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Spin transfer in 2H(d,n)3He at 10 MeV
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Extension: 4-boson universal physics
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[EPL 95, 43002, PRA 85, 042705]

T(n−1,1)

T(n−1,2)

a+t(n−1)

a+t(n)

IVS T(n,2)

Energy

d+d

d+a+a

1/a

T(n,1)

T(n,0)
d

add
n : bn = 2bd



A> 4: 3-body approach including core excitation

H =Hg⊕Hx

sector coupling by interaction



A> 4: 3-body approach including core excitation

H =Hg⊕Hx

sector coupling by interaction

standard form of Alt-Grassberger-Sandhas (AGS)
3-body equations with H0 → H0+hint

A

hint
A |Ha〉= (mA∗ −mA)δax|Ha〉



3-body AGS equations with core excitation (CX)

Uβα = δ̄βαG−1
0 +∑

σ
δ̄βσTσG0Uσα

U0α = G−1
0 +∑

σ
TσG0Uσα

Tσ = vσ +vσG0Tσ

G0 = (E+ i0−H0)
−1

channel states (E−H0−vα)|φα〉= 0

H0|pαqα〉a = [p2
α/2µα +q2

α/2Mα +(mA∗ −mA)δax]|pαqα〉a

[PRC 88, 011601(R); PRC 91, 024607; NPA 947, 173]



24Mg(d,d’)24Mg(2+) inelastic scattering
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CX effect in 10Be(d,p)11Be at 21.4 MeV
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CX effect in 20O(d,p)21O at 21 MeV
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Few-body reactions

4-particle AGS equations in momentum space

complex-energy method for singularities above
breakup threshold

overall good description: cross sections, analyzing
powers, spin transfer coefficients

discrepancies: minimum of differential cross section,
extrema of nucleon analyzing power and polarization

beyond A= 4:
3-body reactions including core excitation
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