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Hard exclusive processes involve off-forward matrix elements

DVCS: ~*N(p) — yN(p") D. Miiller, X. Ji, A. Radyushkin

Operator Product Expansion

A ~ (p'| T{3" ()72 (0) }Ip)

1

> Cn @ i) (00N (1))

N

Kinematic variables:  hadron mass m®  momentum transfer ¢ = (P — P’)?

How to calculate effects ~ m?/Q? and t/Q?? I
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current conservation

DVCS Amplitude

Aw(p, 0, ¢) =i | d'ze 720 | T{ju(212)js(22)}|p)

21 — 2z = 1.

translation invariance: A depends only on the difference z; — 2

current conservation:

" A (p,0,9) = (¢) A (p,¢,4) =0

only valid in the sum of all twists but not for each twist separately

T{ju(z12)jv(222)} = Tifg(zth) + Tif3(z17zQ) + Tﬁf‘l(zh 2)+. ..

Anikin, Teryaev; Belitsky, Miiller; Kivel, Polyakov, Schifer, Teryaev, 2001
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Kinematic power corrections

OPE = expansion over multiplicatively renormalized operators

T{j." ()i, (0)} = Z C,(z) On(0) + higher twists
N
On — twist two operators: (O "™ =47 Dy - - Dy 1 0)

Higher twist operators related to Oy :

@ twist—3: 3[u Ou1]~»u1v+1

@ twist—4: 8;1,8“0;1.1,““1\/4,1, 8“011.4.;”\/4,1

"Kinematical power corrections" = taking into account contributions of these operators to
the OPE only
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General structure

T{j(z)j(0)} = Z anOy + Z (bNeFON 4 cN(OO)N) + all others

N N

| all others # all quark-gluon operators

To determine the coefficients ay, by in the leading order in o it is sufficient to take matrix elements over

free quarks. But it does not work for the coefficients cy.

matrix elements of (0O)y = 8" O, .

..y Over free quarks vanish J

S. Ferrara, A. F. Grillo, G. Parisi and R. Gatto, Phys. Lett. B38, 333 (1972):

(8O) N can be expressed in terms of quark-gluon operators J

N = 1 example

<>
0" Opv = 2iq9F " q,  Ouw = (1/2)[@Vu Dv g + (1 <> v)]
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Twist expansion

Twist—4 contributions to T,

lT{]u(Zlm)Ju(zﬂ)} =T\ (21, 2) + To) (21, 22) + -

Balitsky, Braun, 89

(“)(z _ = 2
1,22) = s A1)Vt Q7 a(222) + (k< v, 21 ¢ 22),
P Pat ( )
1
b g a = u . u 3
T (s, 22) = =g / duz® §(21) Q*vu [Fap(#1)75 + i2u — 1) Fap(21)] 7 70 a(22)
- 0

+(p,<—>u, zl<—>22),

Twist separation:

Spinor formalism z, — zas = 2,05, Ty — Topap etc

1

2zt

Tpw = —

{zp [SWWV" + ie,wm,A”} + 22 [(z,LaU + 2,0,)X + (2,0, — z,,a,L)Y] } ,

The expansion of functions V, and A, starts from twist two, wheareas X and Y are already twist-four.
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Twist expansion

Twist expansion

Examples
1 1
foz(zl7 22) = 58“ du (’)3_:2(7121, uze) — (21 <> 22),
0
' a
VL=4(217 22) = z28u —Z {u2(1 —u?+u?n w) 2122 8?2 Offz(zl u, Z2U)
u
0

21

|:(1 — u2) (@822 — Z) + (1—712—i-u2 In w) 22832212:| R(uz1, uzs)

+

2z _
|:(1 — u2) (zlazl — j) + (17u2+u2 In u) zlafl 221:| R(uz1, uzz)

+ z* ( . .)}—(zl “ 22),

t=2
0% (21, 22) = (lfl(zlz)’y+ q(ZQz))

i 2l

R(z1,22) = ig dw (w — 22) Q(21, w, 22), R(z1,2) = ig dw (21 — w) Q(z1, w, 22) -

22 )
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Twist expansion

Spinor notation:

L L
Q(z1, w, 22) = g (z1n)f+ (wn)qZ (22m)
— _L - L
Q(z1, w, 22) = g~ (z1n) f1 4 (wn) gy (22m)
Q, Q nonquasipartonic operator of twist—4
- o
fap = = 1(5;“/17““){&;4
' =77 =0  fas =nu0", = Xara  Fag = Hafa  4f = aiA* ¢& = ¢ip®
w
Vector notation
(n)an(21) [Fap(w) + iFpp(w)] 7" ar(z2) ~ Q(a1, w, 22),
o

How to isolate the contribution of (80)x to Q?
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Nonlocal& local operators

O g — local multiplicatively renormalized quark-gluon operators:

Q(z1, w, 22) = E W ng (21, w, 22) Ong =
Ng

!’
Z Uy (21, w, 22)(00) N + Z Wy (21, w, 22) Ong
N

Nq

If the function ¥y (21, w, 22) is known then

2
R(z1, 22) = ig E (00)N dw (w — 22) VN (21, w,22) | +...
N

22

How to determine ¥y ??
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Nonlocal & local operators

RG-equation
(Nau + B(9)9, + H) Q(z1,w, 22) =0 — (Nau + B(9)9, + 'YNq) Ong =0
H is an integral operator (Hamiltonian). It is known in the explicit form, V. Braun, J. Rohrwild, A.M, 2010
HU yy(21, w, 22) = YngUng(21, w, 22) -

Conformal symmetry — There exists a scalar product such that H = Hf J

Ong = (¥ng| Q) = (90)n = (¥n|Q)
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Conformal symmetry and SU(1, 1) scalar product

collinear conformal transformations SL(2,R) & SU(1,1)
b b
i = Zilg 5 ze]R—>z/:aZJr , & z€ﬁC—>z’:fLZ+
cz+d bz+ a

representations are labeled by conformal spin

; 1 az+ b
w(2) = T'o(2) = m@ (524— a)

This is a unitary transformation with respect to the following scalar product:

() =21

/ ®2(1 - |2*)¥ 2 @(2)9(2) = / Djz¢(2)9(2) , el = (&, ¢)
|z|<1 |z|<1 z

similar for several variables

(b, )1, = / Dj, =1 Djy 22 P21, 22)1 (21, 22)
|2

11<1 |z2|<1

(& V)1 i2 i3 :/ Dj =1 'DjQZQ/ Djs 23¢(21, 22, 23)1 (21, 22, 23)
|z

11<1 |z2|<1 |23 |<1
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Generators

® Generators of infinitesimal SU(1, 1) transformations
Sy = 220, + 2jz, So = 20, + 7, S_=-0,
satisfy the usual SL(2) algebra
[S4+,5-] =250, [So, S+] = £S5+
® For products of fields, e.g. ¢(z1)p(22) ...

s = g0 4 502 = 26, + 230., + 21m ++2ha,
Sfrjl’jz’h) = 270 +250m + 230z + 25121 + +2j222 + 2323,

® Hermiticity properties

5§ = So (54)F = —8- (¢ 59) = (5", 9)
® reproducing kernel (unit operator)
1
P(2) = / Dijw K;(z, w)p(w), Ki(z, w) = m
|w|<1
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Divergency of conformal operator

We want to calculate (00)

® Light-ray operators

O+ (21, 22) = q(21n) v+ q(227)
® (Local) conformal operators (standard representation)

— —
_ Dy — D
On@@) = (—op)Vga)y 0y ==—

— | (=)
Dy + D4

® Alternatively:

Oy = pN<(Z1 — )V, O+(z1,z2)>11 = oy //Dlzmlzz zZ5 O (21, 22)

lz] <1
51(01\] ~ <Z{V27S+O+(Zl722)> = —<S_Z{V27 O+(21722)> =0

(00)5°° ~ <Z{Vz7 (30+)(21722)> = <Zf'275+3u?1(21)8"q(m) . > =0
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Divergency of conformal operator

In interacting theory

22
(ao>N:<z{2,/ dw f(z, 22, w) Q(z1, w, 22) )

il
Trick:
Q(a1,w, 22) = (K(21,61) K(w, G2) K(22, Ca), Q(C1, G2, Ca) )
©0)w = {(Un(G1, 62, Cs) , QG €2, Ca) )
with

22
U (C1,CasGs) = <z{é,/ dw f(z1, 22, w) K(z1, 1) K(w, C2) K(22, Ga) )

21
1 1 1
~/0 da&/o dg (,8+N—+1a) (€3 — )V

Cia = (1 — )G + ala.

@12 ~ vy ~ B(N +3) + $(N + 1) — 2¢(1)
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Nonlocal & local operators

Kinematic power corrections Heuristic discussion

Motivation

“1 w / /
dw dw" w — 2z |1 P 0
R(a,m) =m2 | — [ S22 215,05 (ww') — (S — DOz (w,w') |,
212 212 21 — W 2
22 22
21 w
_ dw dw' z1 —w |1 0 P
R(z1,22) =212 — — —— [ =85+ 01 (w,w') — (Sp — 1)O2(w, w) | .
z12 z12 w— 23 [ 2
) 22
O1 (w, w') = [iP“, [iPu, Of’:2(’w, ’w/)]] 5 Og(w,w') = [iP“, i(Qf/:2(w, w,)] 5
T EY
Ty = —— s vP 4 AP+ 2? [(2000 + 2,0,)X + (2,0, — 2,0,)Y
e = "9 % [Pravs i€pvap z° [ (zp0p + 2,04 T8y — 2,0y )

Translation invariance and current conservation up to twist-5.
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