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Beyond the OAM chronicle:
what can we experimentally access (=related to observable) and 
what is its physical content?

That's our pragmatic approach
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lq ¼
hPSjR d3 ~r c ð ~rÞ!þð ~r? % i ~@?Þc ð ~rÞjPSi

hPSjPSi

¼
Z
ð ~b? % ~k?ÞWLCðx; ~b?; ~k?Þdxd2 ~b?d2 ~k?:

hPSjR d3 ~r !c ð ~rÞ!þð ~r? $ i ~D?Þc ð ~rÞjPSi
hPSjPSi

¼
Z
ð ~b? $ ~k?ÞWFSðx; ~b?; ~k?Þdxd2 ~b?d2 ~k?;

LFS=



Graph by Cédric Lorcé

(Generalization)2 of distributions

Meissner, Metz, Schlegel & Goeke, JHEP 0808 (2008) 038
Meissner, Metz & Schlegel, JHEP 0908 (2009) 056

JHEP08(2009)056
to note that our general reasoning remains valid once a near light-cone direction is used

instead of n.

It is evident that not only the correlators F and Φ appear as projections of the most

general two-parton correlator W as outlined above, but also the GPDs and the TMDs are

projections of certain GPCFs. Therefore, GPCFs can be considered as mother distributions,

which actually contain the maximum amount of information on the two-parton structure of

hadrons [10, 16, 17]. Despite this fact a classification of the GPCFs as given in (2.17)–(2.21)

has never been worked out.

3 Generalized transverse momentum dependent parton distributions

3.1 Definition

The projections in (2.38) and (2.39) contain the integration upon the minus-component of

the quark momentum. Therefore, it is useful to consider in more detail the correlator

W [Γ]
λλ′(P, x,!kT ,∆, N ; η) =

∫

dk− W [Γ]
λλ′(P, k,∆, N ; η)

=
1

2

∫

dz− d2!zT

(2π)3
eik·z 〈p′,λ′| ψ̄

(

−
1

2
z

)

ΓW
(

−
1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|p,λ〉
∣

∣

∣

z+=0
. (3.1)

Below the parameterization of this object is given in terms of what we call generalized

transverse momentum dependent parton distributions (GTMDs). Of course, this result

can now be obtained in a straightforward manner on the basis of the decomposition in

eqs. (2.17)–(2.21). On the basis of the above discussion it is obvious that also the GTMDs,

like the GPCFs, can be considered as mother distributions of GPDs and TMDs. It is the

correlator in (3.1) which for instance can enter the description of hard exclusive meson

production [35], while the corresponding correlator for gluons appears when considering

diffractive processes in lepton-hadron as well as hadron-hadron collisions [36–39]. The

question whether or not it appears with a Wilson line as defined in (2.2) to our knowledge

has never been addressed in the literature and requires further investigation that goes

beyond the scope of the present work.

For our analysis we choose an infinite momentum frame such that P has a large plus-

momentum and no transverse momentum. The plus-component of ∆ is expressed through

the commonly used variable ξ. To be now precise the 4-momenta in (2.17)–(2.21) are

specified according to

P =

[

P+ ,
!∆2

T + 4M2

8(1 − ξ2)P+
, !0T

]

, (3.2)

k =

[

xP+ , k− , !kT

]

, (3.3)

∆ =

[

− 2ξP+ ,
ξ!∆2

T + 4ξM2

4(1 − ξ2)P+
, !∆T

]

, (3.4)

n =

[

0 , ±1 , !0T

]

. (3.5)
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Generalized TMDsWigner function quantized at light-cone time

GTMDs account for both k⊥ &  Δ



2 transverse momenta

Partonic meaning
GTMDs account for both k⊥ &  Δ
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zT 

p’ p 

GTMD 

b 

kT =
kT + k 'T
2

! zT !T = k 'T " kT # b

GTMDs correlate partonic configurations with both: 
•   a shift in transverse position from the initial to final state "zT 
•   an average transverse position " b.  

average shift 

When can these configurations exist in the “impulse 
approximation”, and when do we need to introduce two-interacting 
particles (FSI)?  
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On the other hand, the contributions !UU and !LL survive
both integrations. It follows that the GTMD F1;1 can be
seen as the mother distribution of the TMD f1 and the
GPD H

f1ðx; ~k2?Þ ¼
Z

d2b?F 1;1ðx; 0; ~k2?; ~k? $ ~b?; ~b
2
?Þ

¼ F1;1ðx; 0; ~k2?; 0; 0Þ; (20a)

Hðx; 0; ~!2
?Þ ¼

Z
d2k?F1;1ðx; 0; ~k2?; ~k? $ ~!?; ~!

2
?Þ; (20b)

and the GTMD G1;4 as the mother distribution of the TMD
g1L and the GPD ~H

g1Lðx; ~k2?Þ ¼
Z

d2b?G1;4ðx; 0; ~k2?; ~k? $ ~b?; ~b
2
?Þ

¼ G1;4ðx; 0; ~k2?; 0; 0Þ; (20c)

~Hðx; 0; ~!2
?Þ ¼

Z
d2k?G1;4ðx; 0; ~k2?; ~k? $ ~!?; ~!

2
?Þ:

(20d)

Integrating out all the variables, one naturally gets

Z
dxd2k?d

2b?!
q
UUð ~b?; ~k?; xÞ ¼ Nq; (21a)

Z
dxd2k?d

2b?!
q
LUð ~b?; ~k?; xÞ ¼ 0; (21b)

Z
dxd2k?d

2b?!
q
ULð ~b?; ~k?; xÞ ¼ 0; (21c)

Z
dxd2k?d

2b?!
q
LLð ~b?; ~k?; xÞ ¼ !q; (21d)

where the index q indicates the contribution of the quark of
flavor q, Nq is the valence-quark number (Nu ¼ 2 and
Nd ¼ 1 in the proton), and !q is the axial charge. Note
that Eq. (21b) tells us that the valence-quark number does
not depend on the nucleon polarization and Eq. (21c)
means that in an unpolarized nucleon there is no net quark
polarization.

D. Quark orbital angular momentum

Quantifying quark orbital angular momentum (OAM)
inside the nucleon is essential in order to solve the so-
called ‘‘spin crisis’’, see e.g. [46,47]. Almost 15 years ago,
Ji derived a sum rule that allows one to extract the total
quark contribution to the nucleon spin from a combination
of GPDs [48]:

Jqz ¼ 1

2

Z
dxx½Hqðx; 0; 0Þ þ Eqðx; 0; 0Þ': (22)

By subtracting half of the axial charge !q ¼R
dx ~Hqðx; 0; 0Þ which is interpreted as the spin contribu-

tion of quarks with flavor q to the nucleon spin, one gets the
quark OAM contribution,

Lq
z ¼

1

2

Z
dxfx½Hqðx; 0; 0Þ þ Eqðx; 0; 0Þ' ( ~Hqðx; 0; 0Þg:

(23)

From a density point of view, this result is surprising in the
sense that the extraction of the quark OAM along the z axis
involves the GPD E which appears only in a transversely
polarized nucleon. Note however that E describes the
amplitude where the nucleon spin flips while the quark
light-cone helicities remain unaffected, implying therefore
a change by one unit of OAM between the initial and final
nucleon states.
More recently it has been suggested, based on some

quark models, that the TMD h?1T may also be related to
the quark OAM [49–52]:

L q
z ¼ (

Z
dxd2k?

~k2?
2M2 h

?q
1T ðx; ~k

2
?Þ: (24)

Note that one expects in general Lq
z ! Lq

z in a gauge
theory, see e.g. [53]. Once again, from a density point of
view, this expression is surprising in the sense that it
involves the TMD h?1T which describes the distribution of
transversely polarized quarks in a transversely polarized
nucleon. Note however that h?1T corresponds to the ampli-
tude where the nucleon and active quark longitudinal po-
larizations flip in opposite directions, involving therefore a
change by two units of OAM between the initial and final
nucleon states.
Clearly, Wigner distributions provide much more infor-

mation than GPDs and TMDs as they contain also the full
correlations between quark transverse position and three-
momentum. Furthermore, once the Wigner distributions
are known, it is rather straightforward to compute physical
observables. One has just to take the phase-space average
as if the Wigner distributions were classical distributions:

hÂi½"'ð ~SÞ ¼
Z

dxd2k?d
2b?Að ~b?; ~k?; xÞ!½"'ð ~b?; ~k?; x; ~SÞ:

(25)

In particular, we can write the average quark OAM in a
nucleon polarized in the z direction as

‘qz ) hL̂q
z i½"þ'ð ~ezÞ

¼
Z

dxd2k?d
2b?ð ~b? * ~k?Þz!½"þ'qð ~b?; ~k?; x; ~ezÞ

¼
Z

dxd2k?d
2b?ð ~b? * ~k?Þz½!q

UUð ~b?; ~k?; xÞ

þ !q
LUð ~b?; ~k?; xÞ': (26)
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From Eq. (18a), it is clear that

Z
dxd2k?d

2b?ð ~b? " ~k?Þz!q
UUð ~b?; ~k?; xÞ ¼ 0; (27)

which means that in an unpolarized nucleon there is no net
quark OAM.1 Using now Eq. (18b) and integrating by
parts, we find that the quark OAM ‘qz reads

‘qz ¼ %
Z

dxd2k?
~k2?
M2 F

q
1;4ðx; 0; ~k

2
?; 0; 0Þ: (28)

An interesting issue which deserves further investigation is
the relation between Lq

z in Eq. (23) and ‘qz in Eq. (28). As
discussed in the following sections, in models without
gauge-field degrees of freedom, one finds that the two
definitions give the same results for the total quark con-
tribution to the OAM, but not for the separate quark-flavor
contributions. However, this remains to be confirmed in
more complex systems, when the contribution of the
Wilson line is explicitly taken into account.

Wigner distributions allow us also to study the correla-
tion between quark spin and OAM, which we define as

Cq
z &

Z
dxd2k?d

2b?ð ~b? " ~k?Þz!q
ULð ~b?; ~k?; xÞ

¼
Z

dxd2k?
~k2?
M2 G

q
1;1ðx; 0; ~k

2
?; 0; 0Þ; (29)

where we have used Eq. (18c). For Cq
z > 0 the quark spin

and OAM tend to be aligned, while for Cq
z < 0 they tend to

be antialigned. Finally, note that from Eq. (18d) one has

Z
dxd2k?d

2b?ð ~b? " ~k?Þz!LLð ~b?; ~k?; xÞ ¼ 0; (30)

reflecting like Eqs. (21b), (21c), and (27) the isotropy of
space.

III. RESULTS AND DISCUSSIONS

Since it is not known how to extract Wigner distributions
or GTMDs from experiments, one has to rely on phenome-
nological models. We studied the Wigner distributions
in the light-cone constituent quark model (LCCQM)
[32,33,35] and the light-cone version of the chiral quark-
soliton model ("QSM) restricted to the three-quark sector
[38,40,41,54,55], using the general formalism developed in
Ref. [34] for the overlap representation of the quark-quark
correlator in terms of light-cone wave functions. We

neglect the contribution from gauge degrees of freedom,
and, in particular, from the Wilson line in the Wigner
operator (1). As the resulting distributions are very similar
in both models, we will present only those from the
LCCQM. However, when discussing more quantitative
aspects, we will also report the numerical values from the
"QSM. Furthermore, we will discuss only the first x mo-
ment of the Wigner distributions:

!ð ~b?; ~k?Þ &
Z

dx!ð ~b?; ~k?; xÞ; (31)

i.e., purely transverse four-dimensional phase-space distri-
butions (two transverse position and two transverse mo-
mentum coordinates), referred to as transverse Wigner
distributions.

A. Unpolarized quarks in an unpolarized nucleon

We start the discussions with !UUð ~b?; ~k?Þ, the trans-
verse Wigner distribution of unpolarized quarks in an
unpolarized proton. In Fig. 1 we present the distributions
in impact-parameter space with fixed transverse momen-

tum ~k? ¼ k?êy and k? ¼ 0:3 GeV (upper panels), and
compare them with the distribution in transverse-

momentum space with fixed impact parameter ~b? ¼
b?êy and b? ¼ 0:4 fm (lower panels). The left (right)
panels refer to the u (d) quarks. We observe a distortion
in all these distributions which indicates that the configu-

ration ~b? ? ~k? is favored with respect to the configuration
~b? k ~k?. This can be understood with naive semiclassical

arguments. The radial momentum ð ~k? ' b̂?Þb̂? (b̂? &
~b?=b?) of a quark is expected to decrease rapidly in the
periphery because of confinement. The polar momentum
~k? % ð ~k? ' b̂?Þb̂? receives a contribution from the orbital
motion of the quark which can still be significant in the
periphery (in an orbital motion, one does not need to
reduce the momentum to avoid a quark escape). This naive
picture also suggests that this phenomenon should be
stronger as we go to peripheral regions (b? ( ) and to
high quark momenta (k? ( ). Such a behavior is indeed
observed in our model calculations and can be quantified in

terms of the average quadrupole distortions Qij
b ð ~k?Þ and

Qij
k ð ~b?Þ defined as

Qij
b ð ~k?Þ ¼ Qbðk?Þð2k̂ik̂j % #ijÞ

¼
R
d2b?ð2bi?b

j
? % #ijb2?Þ!UUð ~b?; ~k?ÞR

d2b?b
2
?!UUð ~b?; ~k?Þ

; (32a)

Qij
k ð ~b?Þ ¼ Qkðb?Þð2b̂ib̂j % #ijÞ

¼
R
d2k?ð2ki?k

j
? % #ijk2?Þ!UUð ~b?; ~k?ÞR

d2k?k
2
?!UUð ~b?; ~k?Þ

; (32b)

1An unpolarized nucleon has no spin, which means that the
total quark and gluon angular momentum contributions have to
sum up to zero. By rotational invariance, one expects all four
contributions (spin and OAM of quarks and gluons) to vanish
identically. The angular momentum sum rule for an unpolarized
nucleon is therefore trivially satisfied.

C. LORCÉ AND B. PASQUINI PHYSICAL REVIEW D 84, 014015 (2011)
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New structure only from GTMD
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On the other hand, the contributions !UU and !LL survive
both integrations. It follows that the GTMD F1;1 can be
seen as the mother distribution of the TMD f1 and the
GPD H

f1ðx; ~k2?Þ ¼
Z

d2b?F 1;1ðx; 0; ~k2?; ~k? $ ~b?; ~b
2
?Þ

¼ F1;1ðx; 0; ~k2?; 0; 0Þ; (20a)

Hðx; 0; ~!2
?Þ ¼

Z
d2k?F1;1ðx; 0; ~k2?; ~k? $ ~!?; ~!

2
?Þ; (20b)

and the GTMD G1;4 as the mother distribution of the TMD
g1L and the GPD ~H

g1Lðx; ~k2?Þ ¼
Z

d2b?G1;4ðx; 0; ~k2?; ~k? $ ~b?; ~b
2
?Þ

¼ G1;4ðx; 0; ~k2?; 0; 0Þ; (20c)

~Hðx; 0; ~!2
?Þ ¼

Z
d2k?G1;4ðx; 0; ~k2?; ~k? $ ~!?; ~!

2
?Þ:

(20d)

Integrating out all the variables, one naturally gets

Z
dxd2k?d

2b?!
q
UUð ~b?; ~k?; xÞ ¼ Nq; (21a)

Z
dxd2k?d

2b?!
q
LUð ~b?; ~k?; xÞ ¼ 0; (21b)

Z
dxd2k?d

2b?!
q
ULð ~b?; ~k?; xÞ ¼ 0; (21c)

Z
dxd2k?d

2b?!
q
LLð ~b?; ~k?; xÞ ¼ !q; (21d)

where the index q indicates the contribution of the quark of
flavor q, Nq is the valence-quark number (Nu ¼ 2 and
Nd ¼ 1 in the proton), and !q is the axial charge. Note
that Eq. (21b) tells us that the valence-quark number does
not depend on the nucleon polarization and Eq. (21c)
means that in an unpolarized nucleon there is no net quark
polarization.

D. Quark orbital angular momentum

Quantifying quark orbital angular momentum (OAM)
inside the nucleon is essential in order to solve the so-
called ‘‘spin crisis’’, see e.g. [46,47]. Almost 15 years ago,
Ji derived a sum rule that allows one to extract the total
quark contribution to the nucleon spin from a combination
of GPDs [48]:

Jqz ¼ 1

2

Z
dxx½Hqðx; 0; 0Þ þ Eqðx; 0; 0Þ': (22)

By subtracting half of the axial charge !q ¼R
dx ~Hqðx; 0; 0Þ which is interpreted as the spin contribu-

tion of quarks with flavor q to the nucleon spin, one gets the
quark OAM contribution,

Lq
z ¼

1

2

Z
dxfx½Hqðx; 0; 0Þ þ Eqðx; 0; 0Þ' ( ~Hqðx; 0; 0Þg:

(23)

From a density point of view, this result is surprising in the
sense that the extraction of the quark OAM along the z axis
involves the GPD E which appears only in a transversely
polarized nucleon. Note however that E describes the
amplitude where the nucleon spin flips while the quark
light-cone helicities remain unaffected, implying therefore
a change by one unit of OAM between the initial and final
nucleon states.
More recently it has been suggested, based on some

quark models, that the TMD h?1T may also be related to
the quark OAM [49–52]:

L q
z ¼ (

Z
dxd2k?

~k2?
2M2 h

?q
1T ðx; ~k

2
?Þ: (24)

Note that one expects in general Lq
z ! Lq

z in a gauge
theory, see e.g. [53]. Once again, from a density point of
view, this expression is surprising in the sense that it
involves the TMD h?1T which describes the distribution of
transversely polarized quarks in a transversely polarized
nucleon. Note however that h?1T corresponds to the ampli-
tude where the nucleon and active quark longitudinal po-
larizations flip in opposite directions, involving therefore a
change by two units of OAM between the initial and final
nucleon states.
Clearly, Wigner distributions provide much more infor-

mation than GPDs and TMDs as they contain also the full
correlations between quark transverse position and three-
momentum. Furthermore, once the Wigner distributions
are known, it is rather straightforward to compute physical
observables. One has just to take the phase-space average
as if the Wigner distributions were classical distributions:

hÂi½"'ð ~SÞ ¼
Z

dxd2k?d
2b?Að ~b?; ~k?; xÞ!½"'ð ~b?; ~k?; x; ~SÞ:

(25)

In particular, we can write the average quark OAM in a
nucleon polarized in the z direction as

‘qz ) hL̂q
z i½"þ'ð ~ezÞ

¼
Z

dxd2k?d
2b?ð ~b? * ~k?Þz!½"þ'qð ~b?; ~k?; x; ~ezÞ

¼
Z

dxd2k?d
2b?ð ~b? * ~k?Þz½!q

UUð ~b?; ~k?; xÞ

þ !q
LUð ~b?; ~k?; xÞ': (26)
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From Eq. (18a), it is clear that

Z
dxd2k?d

2b?ð ~b? " ~k?Þz!q
UUð ~b?; ~k?; xÞ ¼ 0; (27)

which means that in an unpolarized nucleon there is no net
quark OAM.1 Using now Eq. (18b) and integrating by
parts, we find that the quark OAM ‘qz reads

‘qz ¼ %
Z

dxd2k?
~k2?
M2 F

q
1;4ðx; 0; ~k

2
?; 0; 0Þ: (28)

An interesting issue which deserves further investigation is
the relation between Lq

z in Eq. (23) and ‘qz in Eq. (28). As
discussed in the following sections, in models without
gauge-field degrees of freedom, one finds that the two
definitions give the same results for the total quark con-
tribution to the OAM, but not for the separate quark-flavor
contributions. However, this remains to be confirmed in
more complex systems, when the contribution of the
Wilson line is explicitly taken into account.

Wigner distributions allow us also to study the correla-
tion between quark spin and OAM, which we define as

Cq
z &

Z
dxd2k?d

2b?ð ~b? " ~k?Þz!q
ULð ~b?; ~k?; xÞ

¼
Z

dxd2k?
~k2?
M2 G

q
1;1ðx; 0; ~k

2
?; 0; 0Þ; (29)

where we have used Eq. (18c). For Cq
z > 0 the quark spin

and OAM tend to be aligned, while for Cq
z < 0 they tend to

be antialigned. Finally, note that from Eq. (18d) one has

Z
dxd2k?d

2b?ð ~b? " ~k?Þz!LLð ~b?; ~k?; xÞ ¼ 0; (30)

reflecting like Eqs. (21b), (21c), and (27) the isotropy of
space.

III. RESULTS AND DISCUSSIONS

Since it is not known how to extract Wigner distributions
or GTMDs from experiments, one has to rely on phenome-
nological models. We studied the Wigner distributions
in the light-cone constituent quark model (LCCQM)
[32,33,35] and the light-cone version of the chiral quark-
soliton model ("QSM) restricted to the three-quark sector
[38,40,41,54,55], using the general formalism developed in
Ref. [34] for the overlap representation of the quark-quark
correlator in terms of light-cone wave functions. We

neglect the contribution from gauge degrees of freedom,
and, in particular, from the Wilson line in the Wigner
operator (1). As the resulting distributions are very similar
in both models, we will present only those from the
LCCQM. However, when discussing more quantitative
aspects, we will also report the numerical values from the
"QSM. Furthermore, we will discuss only the first x mo-
ment of the Wigner distributions:

!ð ~b?; ~k?Þ &
Z

dx!ð ~b?; ~k?; xÞ; (31)

i.e., purely transverse four-dimensional phase-space distri-
butions (two transverse position and two transverse mo-
mentum coordinates), referred to as transverse Wigner
distributions.

A. Unpolarized quarks in an unpolarized nucleon

We start the discussions with !UUð ~b?; ~k?Þ, the trans-
verse Wigner distribution of unpolarized quarks in an
unpolarized proton. In Fig. 1 we present the distributions
in impact-parameter space with fixed transverse momen-

tum ~k? ¼ k?êy and k? ¼ 0:3 GeV (upper panels), and
compare them with the distribution in transverse-

momentum space with fixed impact parameter ~b? ¼
b?êy and b? ¼ 0:4 fm (lower panels). The left (right)
panels refer to the u (d) quarks. We observe a distortion
in all these distributions which indicates that the configu-

ration ~b? ? ~k? is favored with respect to the configuration
~b? k ~k?. This can be understood with naive semiclassical

arguments. The radial momentum ð ~k? ' b̂?Þb̂? (b̂? &
~b?=b?) of a quark is expected to decrease rapidly in the
periphery because of confinement. The polar momentum
~k? % ð ~k? ' b̂?Þb̂? receives a contribution from the orbital
motion of the quark which can still be significant in the
periphery (in an orbital motion, one does not need to
reduce the momentum to avoid a quark escape). This naive
picture also suggests that this phenomenon should be
stronger as we go to peripheral regions (b? ( ) and to
high quark momenta (k? ( ). Such a behavior is indeed
observed in our model calculations and can be quantified in

terms of the average quadrupole distortions Qij
b ð ~k?Þ and

Qij
k ð ~b?Þ defined as

Qij
b ð ~k?Þ ¼ Qbðk?Þð2k̂ik̂j % #ijÞ

¼
R
d2b?ð2bi?b

j
? % #ijb2?Þ!UUð ~b?; ~k?ÞR

d2b?b
2
?!UUð ~b?; ~k?Þ

; (32a)

Qij
k ð ~b?Þ ¼ Qkðb?Þð2b̂ib̂j % #ijÞ

¼
R
d2k?ð2ki?k

j
? % #ijk2?Þ!UUð ~b?; ~k?ÞR

d2k?k
2
?!UUð ~b?; ~k?Þ

; (32b)

1An unpolarized nucleon has no spin, which means that the
total quark and gluon angular momentum contributions have to
sum up to zero. By rotational invariance, one expects all four
contributions (spin and OAM of quarks and gluons) to vanish
identically. The angular momentum sum rule for an unpolarized
nucleon is therefore trivially satisfied.
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Figure 1. Kinematics for GPCFs.

which is invariant under the mentioned rescaling. For convenience in (2.3) the hadron mass

M is used such that N has the same mass dimension as an ordinary 4-momentum. The

parameter η in (2.1) is defined through the zeroth component of n according to

η = sign(n0) , (2.4)

which means that we simultaneously treat future-pointing (η = +1) and past-pointing

(η = −1) Wilson lines. Keeping this dependence is particularly convenient once we make

the projection of the correlator in (2.1) onto the correlator defining TMDs.

2.2 Parameterization

In order to obtain the parameterization of the correlator in (2.1) in terms of GPCFs it is

necessary to analyze its behavior under parity. One finds that

W [Γ]
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=
1

2

∫

d4z
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2
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2
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(

1

2
z

)
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2

∫

d4z

(2π)4
eik·z 〈p̄′,λ′P | ψ̄

(

−
1

2
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)

γ0 Γ γ0 W
(

−
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2
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1

2
z̄ | n̄

)

ψ

(

1

2
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)

|p̄,λP 〉

=
1

2

∫

d4z

(2π)4
eik̄·z 〈p̄′,λ′P | ψ̄

(

−
1

2
z

)

γ0 Γ γ0 W
(

−
1

2
z,

1

2
z | n̄

)

ψ

(

1

2
z

)

|p̄,λP 〉

= W [γ0 Γ γ0]
λP λ′

P
(P̄ , k̄, ∆̄, N̄ ; η) , (2.5)

where P̄µ = Pµ = (P 0,−&P ) etc., while λP and λ′P denote the parity-reversed helicities λ

and λ′. We now introduce the (dimensionless) matrix functions ΓS, ΓP, Γµ
V, Γµ

A, and Γµν
T

through

W [1]
λλ′(P, k,∆, N ; η) = ū(p′,λ′)ΓS(P, k,∆, N ; η)u(p,λ) (scalar) , (2.6)

W [γ5]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)ΓP(P, k,∆, N ; η)u(p,λ) (pseudoscalar) , (2.7)

W [γµ]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)Γµ

V(P, k,∆, N ; η)u(p,λ) (vector) , (2.8)

W [γµγ5]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)Γµ

A(P, k,∆, N ; η)u(p,λ) (axial vector) , (2.9)

W [iσµν ]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)Γµν

T (P, k,∆, N ; η)u(p,λ) (tensor) . (2.10)

From eq. (2.5) it follows for the scalar matrix function in eq. (2.6)

ū(p′,λ′)ΓS(P, k,∆, N ; η)u(p,λ)

= ū(p̄′,λ′P )ΓS(P̄ , k̄, ∆̄, N̄ ; η)u(p̄,λP )

– 4 –

3

we choose a Light-Cone (LC) frame, where the average and relative 4-momenta P = (p + p0)/2, k̄ = (k + k0)/2,
� = p0 � p = k0 � k, respectively have components specified by,

P ⌘
✓
P+,

�2
T

+ 4M2

2P+
, 0

◆
(2a)

k̄ ⌘
�
xP+, k�, k̄

T

�
(2b)

� ⌘ (0, 0,�
T

) (2c)

where v ⌘ (v+, v�,v
T

), v± = 1/
p
2(v

o

± v3), and for simplicity we have taken the skewness variable, ⇠ = 0 since this
will not enter our discussion.

The connection between the unintegrated matrix elements defining the GTMDs and the quark-proton helicity
amplitudes is obtained by considering the quark-proton helicity amplitude (Fig.1 and Ref.[17]),

A⇤0
�

0
,⇤�

=

Z
dz� d2z

T

(2⇡)3
eixP

+
z

�
�ik̄T ·zT hp0,⇤0 | O

�

0
�

(z) | p,⇤i|
z

+=0 ,

(3)

where in the chiral even sector,

O
±±

(z) =  ̄
⇣
�z

2

⌘
�+(1± �5) 

⇣z
2

⌘
. (4)

Following the definitions in Ref. [3], and making use of the Gordon decomposition, we obtain for the vector case,

W �

+

⇤⇤0 =
1

2P+


U(p0,⇤0)�+U(p,⇤)F11 + U(p0,⇤0)
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2M
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and for the axial-vector case,
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(6)

By summing and subtracting the two equations, one obtains the following expressions for the quark-proton helicity
amplitudes,

A⇤0+,⇤,+ = �⇤,⇤0(F11 + ⇤G14 + i⇤
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M2
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(7b)

related to GPDs

related to the Sivers fct ``new" correlation of k⊥ &  Δ
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Figure 1. Kinematics for GPCFs.

which is invariant under the mentioned rescaling. For convenience in (2.3) the hadron mass

M is used such that N has the same mass dimension as an ordinary 4-momentum. The

parameter η in (2.1) is defined through the zeroth component of n according to

η = sign(n0) , (2.4)

which means that we simultaneously treat future-pointing (η = +1) and past-pointing

(η = −1) Wilson lines. Keeping this dependence is particularly convenient once we make

the projection of the correlator in (2.1) onto the correlator defining TMDs.

2.2 Parameterization

In order to obtain the parameterization of the correlator in (2.1) in terms of GPCFs it is

necessary to analyze its behavior under parity. One finds that
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where P̄µ = Pµ = (P 0,−&P ) etc., while λP and λ′P denote the parity-reversed helicities λ

and λ′. We now introduce the (dimensionless) matrix functions ΓS, ΓP, Γµ
V, Γµ

A, and Γµν
T

through

W [1]
λλ′(P, k,∆, N ; η) = ū(p′,λ′)ΓS(P, k,∆, N ; η)u(p,λ) (scalar) , (2.6)

W [γ5]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)ΓP(P, k,∆, N ; η)u(p,λ) (pseudoscalar) , (2.7)

W [γµ]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)Γµ

V(P, k,∆, N ; η)u(p,λ) (vector) , (2.8)

W [γµγ5]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)Γµ

A(P, k,∆, N ; η)u(p,λ) (axial vector) , (2.9)

W [iσµν ]
λλ′ (P, k,∆, N ; η) = ū(p′,λ′)Γµν

T (P, k,∆, N ; η)u(p,λ) (tensor) . (2.10)

From eq. (2.5) it follows for the scalar matrix function in eq. (2.6)

ū(p′,λ′)ΓS(P, k,∆, N ; η)u(p,λ)

= ū(p̄′,λ′P )ΓS(P̄ , k̄, ∆̄, N̄ ; η)u(p̄,λP )

– 4 –

3

we choose a Light-Cone (LC) frame, where the average and relative 4-momenta P = (p + p0)/2, k̄ = (k + k0)/2,
� = p0 � p = k0 � k, respectively have components specified by,

P ⌘
✓
P+,

�2
T

+ 4M2

2P+
, 0

◆
(2a)

k̄ ⌘
�
xP+, k�, k̄

T

�
(2b)

� ⌘ (0, 0,�
T

) (2c)
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), v± = 1/
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± v3), and for simplicity we have taken the skewness variable, ⇠ = 0 since this
will not enter our discussion.

The connection between the unintegrated matrix elements defining the GTMDs and the quark-proton helicity
amplitudes is obtained by considering the quark-proton helicity amplitude (Fig.1 and Ref.[17]),
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By summing and subtracting the two equations, one obtains the following expressions for the quark-proton helicity
amplitudes,
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related to GPDs

related to the Sivers fct ``new" correlation of k⊥ &  Δ

How do we interpret that ``new" correlation in terms of 2-body scattering?



Helicity amplitudes of 2-body scattering    ➔

16 HA related through parity relations        ➔

                                                                                       leaving 8 independent amplitudes.

so, the combinations     ➔

                                    ... are Not indpt in CoM frame

Parity relations
A⇤0

,�

0;⇤,�

: q0(k0,�0) +N(p,⇤) ! q(k,�) +N 0(p0,⇤0).

A
�⇤0

,��

0;�⇤,��

= (�1)⌘ A⇤

⇤0
,�

0;⇤,�

,

�i
k1�2 � k2�1

M2
F14 = (A++,++ +A+�,+�

�A
�+,�+ �A

��,��

) /4

i M2

k1�2 � k2�1

i
k1�2 � k2�1

M2
G11 = (A++,++ �A+�,+�

+A
�+,�+ �A

��,��

) /4



Helicity amplitudes of 2-body scattering    ➔

16 HA related through parity relations        ➔

                                                                                       leaving 8 independent amplitudes.

so, the combinations     ➔

                                    ... are Not indpt in CoM frame

Parity relations
A⇤0

,�

0;⇤,�

: q0(k0,�0) +N(p,⇤) ! q(k,�) +N 0(p0,⇤0).

A
�⇤0

,��

0;�⇤,��

= (�1)⌘ A⇤

⇤0
,�

0;⇤,�

,

�i
k1�2 � k2�1

M2
F14 = (A++,++ +A+�,+�

�A
�+,�+ �A

��,��

) /4

i M2

k1�2 � k2�1

i
k1�2 � k2�1

M2
G11 = (A++,++ �A+�,+�

+A
�+,�+ �A

��,��

) /4

➔  CoM 2-body scattering must occur on a plane
➔   CoM frame with p in z direction: 

 it leaves 1 transverse direction (related to θ)

hSL · k̄T ⇥�T i is parity violating



U/L polarized quarks in L/U polarized target
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We now examine the new contributions, F14, and G11,
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F14 describes an unpolarized quark in a longitudinally polarized proton, while G11 describes a longitudinally polarized
quark in an unpolarized proton.

We reiterate, however, that Parity, imposes limits on the possible polarization asymmetries that can be observed
in two body scattering: because of 4-momentum conservation and on-shell conditions, k2 = m2, p2 = M2, there are
eight variables. Four of those describe the energy and 3-momentum of the CM relative to a fixed coordinate system,
while the remaining four give the energy and the 3-vector orientation and magnitude of the scattering plane in the
CM. In the CM frame or, equivalently in the “lab” frame with the p direction chosen as the z-direction, the net
longitudinal polarization defined in Eq.(1), is clearly a Parity violating term (pseudoscalar) under space inversion.
This implies that a measurement of single longitudinal polarization asymmetries would violate Parity conservation in
an ordinary two body scattering process corresponding to tree level, twist two amplitudes. Releasing the partons’
on-shell condition implies introducing higher twists in the description of the process [24] We can therefore anticipate
that similarly to the TMDs g?, f?

L

, . . . in SIDIS, single longitudinal polarization asymmetries are higher twist objects.
On the other hand, notice that polarization along the normal to the scattering plane is Parity conserving (scalar)

under spatial inversion, thus giving rise to SSAs at leading twist [25].
To be explicit regarding parity constraints consider again the helicity amplitudes for the 2-body process,

A⇤0
,�

0;⇤,�

: q0(k0,�0) +N(p,⇤) ! q(k,�) +N 0(p0,⇤0). (10)

Such amplitudes can be written in any Lorentz frame, but in the Center of Momentum frame the gg are simple,

A
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,��
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= (�1)⌘ A⇤
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,�

0;⇤,�

, (11)

where ⌘ = ⇤0 � �0 � ⇤+ �, the net helicity change. Hence of 16 possible helicity amplitudes, 8 are independent. For
chiral even, non-flip nucleon amplitudes there are 2 independent. These determinations are made in the CoM frame.
By Lorentz covariance and 4-momentum conservation, the number of independent amplitudes cannot change. In other
frames, e.g. the light cone frame or the target rest frame, there may appear to be more, yet the extra amplitudes
must be linear combinations of the independent ones. In particular

Ae⇤0
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e
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e
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, (12)

where the D functions are the rotation matrices for the Wigner rotations, ⌦0

N

, etc.
We see that for F14 in Eq. 9a and G11 in Eq. 9b to be non-zero there must be an imaginary part to either A++;++

or A+�;+�

. This will not be the case in the CoM frame, wherein the momenta are coplanar. In order to have a
non-vanishing helicity amplitude combination there must be another independent direction. That is provided by twist
three amplitudes and corresponding GTMDs, as we show below.

Note also that that in the parametrization of the generalized correlation function of Ref.[3],
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(13)

the Dirac structure reduces to the four distinct groups selected above, of which type 1,2 and 4 are Parity even, while
type 3, which composes F14, is Parity odd [26] (details of the calculation will be given in [27]). Because of the Parity
constraints [3] F14 can therefore be non zero only if its corresponding helicity amplitudes combination is imaginary.

In terms of Generalized Parton Correlation Functions...

F14

has a different behavior under Parity
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Higher-twist contributions

Helicity amplitude combinations exists 

Final state interactions transform differently under parity

It comes at twist-3 with the structure

Helicity amplitudes here follow

so that we can build the ``LU" structure in terms of twist-3 GTMDs

hSL ⇥�T i

Atw3
⇤0±,⇤± ! Atw2

⇤0±,⇤⌥

6

By using the operators in Eq. (19), the non-flip helicity amplitudes (⇤ = ⇤0) can be read o↵ from the hadronic tensors
parameterizations as,
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Only two independent combinations of the Atw3
⇤�,⇤�

can be formed, namely,
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where we have taken �
T

along the x-axis without loss of generality. Notice that Eq.(22a) corresponds to the
unpolarized case yielding the twist two GPD H, while Eq.(22b) gives the distribution of an unpolarized quark in
a longitudinally polarized proton. Owing to the helicity structure of the twist three quark operators discussed above,
this combination is now allowed by Parity conservation [28, 29].
Integrating over k̄T, one obtains the twist three GPDs,
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in agreement with Ref.[3]. In order to proceed, it is important to connect the various notations for the twist three
GPDs which appear classified in the literature in the three main publications, Refs. [3, 13, 16], respectively. By using
the Gordon relation and [30]

i✏+i↵�U(p0,⇤0)�
↵

�
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�5U(p,⇤) = iU(p0,⇤0)
�
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j
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j

�
�5U(p,⇤) = 2P+U(p0,⇤0)�jU(p,⇤),

which follows from the Dirac equation, we find that all notations, as reported in Table I, are equivalent.

4. Having derived the helicity amplitudes content and formalism up to twist three, we now turn to the interpretation
of OAM. The twist three amplitudes combination corresponding to G2 determines the OAM contribution to the
proton’s angular momentum sum rules of Refs.[31, 32]. While the derivation of the sum rule was carried out along
similar lines in both Refs.[31] and [32], the two approaches essentially di↵er in that in Ref.[31] (JM) one has, 1

1

2
=

1

2
�⌃+ L

q

+�G+ L
g

, (27)

where L
q(g) ! r⇥ i@, i.e. corresponds to canonical OAM, while in Ref.[32] (Ji),
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2
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q

+ J
g

=
1

2
�⌃+ L

q

+ J
g

, (28)

1 We do not discuss here the alternative decompositions of angular momentum. For an extensive discussion of this issue see e.g. Ref.[37].
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By using the operators in Eq. (19), the non-flip helicity amplitudes (⇤ = ⇤0) can be read o↵ from the hadronic tensors
parameterizations as,
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Only two independent combinations of the Atw3
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where we have taken �
T

along the x-axis without loss of generality. Notice that Eq.(22a) corresponds to the
unpolarized case yielding the twist two GPD H, while Eq.(22b) gives the distribution of an unpolarized quark in
a longitudinally polarized proton. Owing to the helicity structure of the twist three quark operators discussed above,
this combination is now allowed by Parity conservation [28, 29].
Integrating over k̄T, one obtains the twist three GPDs,
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in agreement with Ref.[3]. In order to proceed, it is important to connect the various notations for the twist three
GPDs which appear classified in the literature in the three main publications, Refs. [3, 13, 16], respectively. By using
the Gordon relation and [30]

i✏+i↵�U(p0,⇤0)�
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which follows from the Dirac equation, we find that all notations, as reported in Table I, are equivalent.

4. Having derived the helicity amplitudes content and formalism up to twist three, we now turn to the interpretation
of OAM. The twist three amplitudes combination corresponding to G2 determines the OAM contribution to the
proton’s angular momentum sum rules of Refs.[31, 32]. While the derivation of the sum rule was carried out along
similar lines in both Refs.[31] and [32], the two approaches essentially di↵er in that in Ref.[31] (JM) one has, 1

1

2
=

1

2
�⌃+ L

q
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, (27)

where L
q(g) ! r⇥ i@, i.e. corresponds to canonical OAM, while in Ref.[32] (Ji),
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1 We do not discuss here the alternative decompositions of angular momentum. For an extensive discussion of this issue see e.g. Ref.[37].
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Great news is that those GTMDs do admit a GPD limit!

Let's go back to GPDs...

6

By using the operators in Eq. (19), the non-flip helicity amplitudes (⇤ = ⇤0) can be read o↵ from the hadronic tensors
parameterizations as,
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Only two independent combinations of the Atw3
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where we have taken �
T

along the x-axis without loss of generality. Notice that Eq.(22a) corresponds to the
unpolarized case yielding the twist two GPD H, while Eq.(22b) gives the distribution of an unpolarized quark in
a longitudinally polarized proton. Owing to the helicity structure of the twist three quark operators discussed above,
this combination is now allowed by Parity conservation [28, 29].
Integrating over k̄T, one obtains the twist three GPDs,
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in agreement with Ref.[3]. In order to proceed, it is important to connect the various notations for the twist three
GPDs which appear classified in the literature in the three main publications, Refs. [3, 13, 16], respectively. By using
the Gordon relation and [30]
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which follows from the Dirac equation, we find that all notations, as reported in Table I, are equivalent.

4. Having derived the helicity amplitudes content and formalism up to twist three, we now turn to the interpretation
of OAM. The twist three amplitudes combination corresponding to G2 determines the OAM contribution to the
proton’s angular momentum sum rules of Refs.[31, 32]. While the derivation of the sum rule was carried out along
similar lines in both Refs.[31] and [32], the two approaches essentially di↵er in that in Ref.[31] (JM) one has, 1
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1 We do not discuss here the alternative decompositions of angular momentum. For an extensive discussion of this issue see e.g. Ref.[37].
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By using the operators in Eq. (19), the non-flip helicity amplitudes (⇤ = ⇤0) can be read o↵ from the hadronic tensors
parameterizations as,
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where we have taken �
T

along the x-axis without loss of generality. Notice that Eq.(22a) corresponds to the
unpolarized case yielding the twist two GPD H, while Eq.(22b) gives the distribution of an unpolarized quark in
a longitudinally polarized proton. Owing to the helicity structure of the twist three quark operators discussed above,
this combination is now allowed by Parity conservation [28, 29].
Integrating over k̄T, one obtains the twist three GPDs,
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in agreement with Ref.[3]. In order to proceed, it is important to connect the various notations for the twist three
GPDs which appear classified in the literature in the three main publications, Refs. [3, 13, 16], respectively. By using
the Gordon relation and [30]
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which follows from the Dirac equation, we find that all notations, as reported in Table I, are equivalent.

4. Having derived the helicity amplitudes content and formalism up to twist three, we now turn to the interpretation
of OAM. The twist three amplitudes combination corresponding to G2 determines the OAM contribution to the
proton’s angular momentum sum rules of Refs.[31, 32]. While the derivation of the sum rule was carried out along
similar lines in both Refs.[31] and [32], the two approaches essentially di↵er in that in Ref.[31] (JM) one has, 1
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g

=
1

2
�⌃+ L

q

+ J
g
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1 We do not discuss here the alternative decompositions of angular momentum. For an extensive discussion of this issue see e.g. Ref.[37].
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Great news is that those GTMDs do admit a GPD limit!

Let's go back to GPDs...

6

By using the operators in Eq. (19), the non-flip helicity amplitudes (⇤ = ⇤0) can be read o↵ from the hadronic tensors
parameterizations as,
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(21c)

Only two independent combinations of the Atw3
⇤�,⇤�

can be formed, namely,
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where we have taken �
T

along the x-axis without loss of generality. Notice that Eq.(22a) corresponds to the
unpolarized case yielding the twist two GPD H, while Eq.(22b) gives the distribution of an unpolarized quark in
a longitudinally polarized proton. Owing to the helicity structure of the twist three quark operators discussed above,
this combination is now allowed by Parity conservation [28, 29].
Integrating over k̄T, one obtains the twist three GPDs,

2 eH2T + E2T =

Z
d2k

T

✓
k
T

·�
T

�2
T

◆
F21 + F22

�
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�
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in agreement with Ref.[3]. In order to proceed, it is important to connect the various notations for the twist three
GPDs which appear classified in the literature in the three main publications, Refs. [3, 13, 16], respectively. By using
the Gordon relation and [30]

i✏+i↵�U(p0,⇤0)�
↵

�
�

�5U(p,⇤) = iU(p0,⇤0)
�
�

j

�+ ��+�
j

�
�5U(p,⇤) = 2P+U(p0,⇤0)�jU(p,⇤),

which follows from the Dirac equation, we find that all notations, as reported in Table I, are equivalent.

4. Having derived the helicity amplitudes content and formalism up to twist three, we now turn to the interpretation
of OAM. The twist three amplitudes combination corresponding to G2 determines the OAM contribution to the
proton’s angular momentum sum rules of Refs.[31, 32]. While the derivation of the sum rule was carried out along
similar lines in both Refs.[31] and [32], the two approaches essentially di↵er in that in Ref.[31] (JM) one has, 1

1

2
=

1

2
�⌃+ L

q

+�G+ L
g

, (27)

where L
q(g) ! r⇥ i@, i.e. corresponds to canonical OAM, while in Ref.[32] (Ji),

1

2
= J

q

+ J
g

=
1

2
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q

+ J
g

, (28)

1 We do not discuss here the alternative decompositions of angular momentum. For an extensive discussion of this issue see e.g. Ref.[37].
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Relation to GPDs
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Canonical vs. gauge-invariant
In WW approximation, doesn't matter

Anyway, we know very little about twist-3 GPDs, so WW is fine for now 

To evaluate LqWW(x) , we can

use a parameterization for  twist-2 GPDs (Goldstein, Gonzalez-Hernandez & Liuti, PRD84)

 apply WW formula

Lq(x) = L

WW
q (x) + Lq(x)

Lq(x) = L

WW
q (x) + Lq(x)

genuine twist-3 contribution

except  for some model calculations
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OAM density
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LC model
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2 Orbital Angular Momentum (OAM) in Scalar Diquark Model

With the center of momentum and relative ⊥ coordinates, for a two particle system[3],

P⊥ ≡ p1⊥+p2⊥ (8)
R⊥ ≡ x1r1⊥+ x2r2⊥ = xr1⊥+(1− x)r2⊥
k⊥ ≡ x2p1⊥− x1p2⊥ = (1− x)p1⊥− xp2⊥
r⊥ ≡ r1⊥− r2⊥ (9)

where x1 = x and x2 = 1− x are the momentum transfer carried by active quark and the
spectator respectively. One can replace the OAM operator for particle 1 by (1− x) times the
relative OAM in a state with P⊥ = 0 which gives us p1⊥ =−p2⊥ = k⊥ .

L
z
1 = r1⊥×p1⊥ = [R⊥+(1− x)r⊥]×k⊥ → (1− x)r⊥×k⊥ = (1− x)L z (10)

Similarly, one can writeL
z
2 = xL z for particle 2.

To compute the OAM of the quark in Ji and Jaffe and Manohar decomposition, we have the
light -cone Fock state wave functions in Scalar di quark model[3, 7, 6],

Ψ↑
+ 1
2
(x,

−→
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m
x
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|ψ |2 =
g2x2(1− x)

[M2x2− (M2+m2−λ 2)x+(
−→
k⊥2+m2)]2

where g is the Yukawa coupling and M, m, and λ are the masses of the nucleon, quark and
diquark respectively. Here x is the momentum fraction carried by the quark and the relative
momentum k⊥ ≡ ke⊥−kγ⊥. The ↑ , upper index, of the wave function represents the helicity
of the nucleon and the lower index that of the quark.

According to Jaffe - Manohar decomposition, the OAM of the quark is[3]

L
z
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g2
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Black and blue give the same integrated result Lq=0.13

=0.11
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Ok, so, now, is G2 related to any observable?
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H̃Ẽ∗ − ẼH̃∗

)}
.

• Interference of Bethe–Heitler and DVCS amplitudes:
Here a part of the result at the twist-two level is expressed in terms of the functions,

which show up in the lowest twist approximation, and they read [43]

(69)CIunp = F1H+ xB

2− xB
(F1 + F2)H̃−
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4M2F2E,
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2
E
)

+ F1H̃−
xB
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4M2F2
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Ẽ,

(71)
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(51)

{
cDVCS2,TP

sDVCS2,TP

}

=−4Q
√
1− y K

M(2− xB)
#m

{ sin(ϕ)CDVCST ,TP−
cos(ϕ)CDVCST ,TP+

}(
FT ,F∗

)
.

The harmonic cDVCS0 is given in terms of twist-two CFFs F = {H,E, H̃, Ẽ}, defined
in Eq. (9). The twist-three coefficients cDVCS1 and sDVCS1 arise from the interference of
twist-two CFFs with ‘effective’ twist-three ones,

(52)Feff ≡−2ξ
(

1
1+ ξ

F +F3
+ −F3

−

)
,

whereF3
± are defined in Eqs. (13)–(16). These Fourier harmonics have the same functional

dependence on CFFs as the leading twist-two ones [43]. However, this is not the case for
the Fourier coefficients cDVCS2 and sDVCS2 , induced by the gluon transversity CFFs (21).

4.3. Interference of Bethe–Heitler and DVCS amplitudes

For the phenomenology of GPDs, I is the most interesting quantity since it is linear in
CFFs. This simplifies their disentanglement from experimental measurements. The Fourier
harmonics have the form:

• Unpolarized target:
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• Longitudinally polarized target:
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The link between them is clarified in the following section.

Section 2 describes the selection of an event yield N . Its expectation value can be

written as

〈N (P!, Pz, φ, e!)〉 = L (P!) η(φ)σUU(φ, e!) [1 + Pz AUL(φ) + P! Pz ALL(φ) + P! ALU(φ)] ,

(3.1)

where L is the integrated luminosity, η the detection efficiency and σUU denotes the cross-

section for an unpolarised beam and an unpolarised target. The beam helicity asymmetry

ALU is not considered in this paper since the dataset presented here is a subset of data

previously analysed with respect to the beam helicity [20]. In analogy to the decomposition

of the cross-section in eqs. (1.3)–(1.5), the asymmetries defined in eqs. (1.6) and (1.8) can

be decomposed as

AUL(φ) #
3∑

n=1

Asin(nφ)
UL sin(nφ) + Acos(0φ)

UL , (3.2)

ALL(φ) #
2∑

n=0

Acos(nφ)
LL cos(nφ) . (3.3)

The azimuthal asymmetry amplitudes A in eqs. (3.2) and (3.3) are extracted from the data

using the maximum likelihood fitting method [19, 21], with each amplitude containing a

combination of the Fourier coefficients from eqs. (1.3)–(1.5) with the exception of Acos(0φ)
UL .

This term has no physical meaning. It is included only as a test of the normalisation of

the function and is expected to be zero.

Previously published measurements with transversely polarised [19] and unpolarised

targets [20, 22] were made with both electron and positron beams. The beam-charge depen-

dence of the contribution from the Interference term to the cross-section then allowed the

separation of the squared-DVCS and Interference terms via charge difference and charge

average asymmetries. However, the longitudinally polarised hydrogen data set at HERMES

was taken solely with a positron beam, so the separation of squared-DVCS and Interference

terms is not possible.

The asymmetry amplitudes in eqs. (3.2) and (3.3) are distinguished mainly by the

Fourier coefficients in the numerators of eqs. (1.7) and (1.9) (see the first two columns

in table 3). The extracted amplitudes may also be influenced by the φ-dependent lepton

propagators and/or the other φ-dependent terms in the denominators of eqs. (1.7) and (1.9).

Correlations between the asymmetry amplitudes determined by the fit were found to

be small, and likelihood ratio tests for higher-order terms show a null result. Therefore,

only the terms shown in eqs. (3.2) and (3.3) were fitted to the data, and the result of that

fit is presented in this paper.

The correspondences between the individual asymmetry amplitudes from eqs. (3.2)

and (3.3) and the Fourier coefficients in the decomposition of the differential cross-section

(within a kinematic factor) from eqs. (1.3)–(1.5), which are interpretable within the GPD

framework, are clarified in table 3. The relation of these Fourier coefficients to GPDs is

encompassed in C-functions [11, 23–25]. These functions depend upon combinations of
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Asymmetry Contributory Fourier- Power of 1
Q Dominant CFF Twist

Amplitude Coefficients Suppression Dependence Level
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Asin(3φ)
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3,LP 1 ImCI
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Acos(0φ)
LL

cI
0,LP 1 Re CI

LP 2

cDVCS
0,LP 1 Re CDVCS

LP 2

Acos φ
LL

cI
1,LP 1 Re CI

LP 2

cDVCS
1,LP 3 Re CDVCS

LP 3

Acos(2φ)
LL cI

2,LP 2 Re CI
LP 3

Table 2. The correspondences between the asymmetry amplitudes extracted from the data set and
the Compton form factor dependent Fourier coefficients of the differential cross-section. The sub-
script t refers to C-functions that involve gluon transversity [11] and are further suppressed by αs

π
.

Compton Form Factors (CFFs), which are convolutions of GPDs with hard scattering ker-

nels, and consequently have real and imaginary parts. Furthermore, the CFF information

contained in the C-functions enters with various degrees of suppression. Higher twist terms

are, in general, suppressed by powers of 1
Q compared to leading twist (twist-2). There are

two C-functions that appear at twist-2 in the observables reported in this paper, CI
LP and

CDVCS
LP . While the latter is a bilinear combination of CFFs and their complex conjugates,

the former is written

CI
LP =

xB

2− xB
(F1 + F2)

(
H +

xB

2
E
)

+ F1H̃ −
xB

2− xB

(
xB

2
F1 +

t

4M2
F2

)
Ẽ , (3.4)

where the dominant summand is F1H̃ at HERMES kinematic conditions. The CI
LP-function

is the only C-function that is dominated by CFF H̃, and therefore GPD H̃. Consequently,

the asymmetry amplitudes shown in table 3 that provide access to CI
LP offer the best

possibility to constrain H̃.

Examination of table 3 reveals three asymmetry amplitudes (Acos(0φ)
LL , Asin φ

UL , Acos φ
LL )

that have leading-twist contributions from the CI
LP-function, via the Fourier coefficients

(cI
0,LP, sI

1,LP, cI
1,LP) in the numerators of eqs. (1.7) and (1.9). The Acos(0φ)

LL amplitude receives

an additional twist-2 contribution from the CDVCS
LP -function, stemming from the cDVCS

0,LP

Fourier coefficient. The Acos(0φ)
LL and Acos φ

LL amplitudes also receive a contribution from

BH coefficients, cBH
0,LP and cBH

1,LP respectively. The tangled mix of contributions to these

amplitudes increases the difficulty of extracting information related to CFFs and therefore

GPDs from it. The Asin φ
UL and Acos φ

LL asymmetry amplitudes each receive contributions

at the twist-2 level from the CI
LP-function, with a twist-3 contribution from the CDVCS

LP -

function. The dominance of the Interference term over the squared-DVCS term, combined
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CLAS12
denominator's functional form  ➜ unstability of fit (private info CLAS)

need for cross section measurement

OAM from sin(2φ) modulation

AUL =
Nsz=+ �Nsz=�
Nsz=+ +Nsz=�

AUL =

a sin�+ b sin 2�

c0 + c1 cos�+ c2 cos 2�

a ⇡ sI1,LP / F1(t)=m eH

b ⇡ sI2,LP / F1(t)=m eHeff

 in WW approximation, we can use twist-2 GPDs
for a and b

some plots were shown during the workshop
we illustrated using GGL GPD set [Goldstein, Gonzalez Hernandez & Liuti, PRD84]

formalism from BKM [NPB629]



sin(2φ) is huge at HERMES
Really intricated observable but still...

OAM from sin(2φ) modulation @ HERMES (JHEP06)
9
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FIG. 3: (Color online) The asymmetry AUL twist two (sin�) and twist three (sin 2�) modulations plotted vs. the momentum
transfer squared �t, compared to HERMES data [17] at the Bjorken x and scale Q2 of the data. The blue bands represent
the predictions from the GPD model of [19, 20] including the error from the model’s parameters variations calculated in WW
approximation.

In order to extract G2 from experiment one needs to first of all single out the observables sensitive to eH. These
are, respectively, the longitudinal asymmetries, A

UL

and A
LL

in DVCS [17, 18] for scattering of positrons on a
longitudinally polarized proton. We calculated the twist two and twist three contributions to the amplitudes of A

UL

which contain a combination of the interference and squared DVCS terms. In Fig.3 we show the asymmetry values
plotted vs. the momentum transfer squared �t, compared to HERMES data [17] at the Bjorken x and scale Q2 of
the data. Both the twist two (sin�) and twist three (sin 2�) modulations are shown. The blue bands represent the
predictions from the GPD model of [19, 20] including the error from the model’s parameters variations calculated in
WW approximation. As we can see from the figure the sin 2� modulation, dominated by the H̃ Compton form factor,
is sizable: an extraction of G2 is then possible. More accurate data analyses that will allow us to better single out
this term will be available soon [18].

Finally, we notice that, as shown recently in [15], both the canonical [31] and Ji’s OAM admit the same WW
approximated form, while their genuine twist three contributions di↵er.

5. In conclusion, we have proposed the first experimental access to the quark OAM, through twist three GPDs. With
the corresponding data from HERMES and the soon available data from JLab, L

q

could be extracted.
Our suggestion for a direct OAM measurement originates from an interpretation of the helicity structure of GTMDs

and GPDs that identifies the relevant spin projections for this quantity. In particular we show that OAM is determined
by a transverse spin correlation at twist three.

The non-zero F14, G11 cannot directly be related to the single longitudinal polarizations of either the quarks or the
nucleons within the transverse momentum distributions, and final state interactions should be introduced. E↵orts to
extract dynamical information from model calculations of these will lead to deceptive results. Because the quarks
are o↵ their mass shell before imposing any particular model, the counting of independent helicity amplitudes is
complicated leading to a doubling of the number of helicity states [22]. Starting from this observation we proposed
a QCD approach where: 1) single longitudinal polarizations observables can be derived; 2) they involve twist three
distributions. Our approach is complementary to the one in Ref.[33] that was derived using TMD factorization.

Our most important result is perhaps in dispelling the notion that what is believed to be the orbital angular
momentum component of the nucleon spin sum rule cannot be observed directly in hard scattering experiments. Both
the JM and Ji decompositions correspond to twist three contributions, and their validity can be tested by measuring
twist three GPDs. These observables can be obtained from both HERMES data [17] and in forthcoming Je↵erson
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the sin(φ) is prediction and autoconsistency check. 

the sin(2φ) is ``prediction" 

only interference term, ~ξ=0, WW approximation...to be improved



The combination   A++,+++A+-,+--A-+,-+-A--,--  is parity-odd at twist-2

The combination   A++,+++A+-,+--A-+,-+-A--,--  is not parity-odd at twist-3

from GTMDs to GPDs

What does it mean in terms of Wigner functions? (à la Ji, does the gauge link matter?, ....)

Can we go beyond WW approximation? (start with evaluation in models?)

Anyhow, we've spotted an observable!

sin(2φ) modulation of TSA for DVCS

help experimentalist with input model results (cross sections, range of parameters?)

Global fits with twist-3 observables? (improved GGL)

Conclusions

¿waiting for the CLAS data?

OAM 
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Twist-3 helicity amplitudes

5

We conclude that type 3 should not be included in the leading twist parametrization in Eq.(6). A similar argument
is valid for the axial vector component (Eq.(7)).

3. In the presence of final state interactions Parity relations apply di↵erently. We will show that the combination

A++,++ +A+�,+�

�A
�+,�+ �A

��,��

,

gets replaced by a similar helicity structure where now the longitudinal spin is crossed into �, namely hS
L

⇥�
T

i. No-
tice that this produces a transverse angular momentum component rather than the longitudinal component appearing
in Eq.(1).

The chiral-even twist three components were also parametrized in Ref.[3],

W �

i

⇤0⇤ =
1

2P+
U(p0,⇤0)

"
k̄i
T

M
F21 +

�i

T

M
(F22 � 2F26) +

i�jik̄j
T

M
F27 + �i(2F28)
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Mi�i+
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F23 +
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M
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�i
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M

i�k+k̄k
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P+
F25 +

�i

T

P+
�+(2F26)

�
U(p,⇤), (16)

where we used the Gordon identity (5) in order to connect the helicity structure of the twist three tensor to the
approaches in [13, 16]. The first four terms in Eq. (16) conserve the proton helicity, while the last four terms flip the
proton helicity. Furthermore we used the identity

U(p0,⇤0)�
i

U(p,⇤) = U(p0,⇤0)
i�ji �j

T

M
U(p,⇤) ! hS

L

⇥�
T

i .

Using the notation of Eq. (4), we now consider the matrix elements of the quark twist three operators,

Oq

±⌥

(z) =  ̄
⇣
�z

2

⌘
(�1 ± i�2)(1± �5) 

⇣z
2

⌘
, (17)

which lead to the following expression for the helicity amplitude,
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where now,
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For the good spinor components, �
�

, helicity and chirality are the same since (1±�5) projects out both ± helicity and
chirality. For the bad components helicity and chirality are opposite as it follows from the fact that �

�

describes a
composite system of a transverse gluon and �

�

. Since the gluon carries helicity but no chirality, by imposing angular
momentum conservation one obtains the opposite chirality [28, 29]. The net e↵ect of this distinction between helicity
and chirality is that the helicity conserving quark correlator at twist three will behave like the chirality odd operator
at twist two - the latter flips helicity. That is interpreted as if the genuine twist three correlator has the helicity of the
returning quark flipped (±1/2 ! ⌥1/2), while the collinear gluon field is transverse and with compensating helicity
(±1) [29]. The implication for the Parity relations, unlike Eq.(11), is that the reversed helicities are not directly
related to the initial set. The twist three correlator does not map directly onto a 2-body process. For this reason
there are twice as many vector and axial vector twist three GPDs and TMDs.

As we have noted, for the non flip quark-proton helicity amplitudes at twist three one finds that the chiral even
structures correspond to what would be chiral odd at twist two,

Atw3
⇤0

±,⇤±

! Atw2
⇤0

±,⇤⌥

. (20)

By using the operators in Eq. (19), the non-flip helicity amplitudes (⇤ = ⇤0) can be read o↵ from the hadronic tensors
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where we used the Gordon identity (5) in order to connect the helicity structure of the twist three tensor to the
approaches in [13, 16]. The first four terms in Eq. (16) conserve the proton helicity, while the last four terms flip the
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For the good spinor components, �
�

, helicity and chirality are the same since (1±�5) projects out both ± helicity and
chirality. For the bad components helicity and chirality are opposite as it follows from the fact that �

�

describes a
composite system of a transverse gluon and �

�

. Since the gluon carries helicity but no chirality, by imposing angular
momentum conservation one obtains the opposite chirality [28, 29]. The net e↵ect of this distinction between helicity
and chirality is that the helicity conserving quark correlator at twist three will behave like the chirality odd operator
at twist two - the latter flips helicity. That is interpreted as if the genuine twist three correlator has the helicity of the
returning quark flipped (±1/2 ! ⌥1/2), while the collinear gluon field is transverse and with compensating helicity
(±1) [29]. The implication for the Parity relations, unlike Eq.(11), is that the reversed helicities are not directly
related to the initial set. The twist three correlator does not map directly onto a 2-body process. For this reason
there are twice as many vector and axial vector twist three GPDs and TMDs.

As we have noted, for the non flip quark-proton helicity amplitudes at twist three one finds that the chiral even
structures correspond to what would be chiral odd at twist two,
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By using the operators in Eq. (19), the non-flip helicity amplitudes (⇤ = ⇤0) can be read o↵ from the hadronic tensors
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Impact parameter space

Partonic meaning
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Intrinsic quark transverse motion

Semi-inclusive processesExclusive processes

�

⇤(q) �(q0)

P

0
P

Transverse Momentum Distributions

           f(x)→f(x, k⊥)

Generalized Parton Distributions

          f(x)→f(x, Δ2, n.Δ)

| {z }

X

P

l

l

0

Ph



Models

�i
k1�2 � k2�1

M2
F14 = (A++,++ +A+�,+�

�A
�+,�+ �A

��,��

) /4

i M2

k1�2 � k2�1

i
k1�2 � k2�1

M2
G11 = (A++,++ �A+�,+�

+A
�+,�+ �A

��,��

) /4



Models

�i
k1�2 � k2�1

M2
F14 = (A++,++ +A+�,+�

�A
�+,�+ �A

��,��

) /4

i M2

k1�2 � k2�1

i
k1�2 � k2�1

M2
G11 = (A++,++ �A+�,+�

+A
�+,�+ �A

��,��

) /4

Not in quark models
E.g. in the bag...

What happens in models? Is it zero?

i

k

x

�
y

� k

y

�
x

M

2
F

u

14 _ 16i⇥
2

4

⇣

~

k

0 ⇥ ~

k3

⌘

z

k3k
0 t1(k3)t1(k

0)

3

5

2

⇣ ⌘

 

AC, Liuti, Rajan..., in preparation



Models

�i
k1�2 � k2�1

M2
F14 = (A++,++ +A+�,+�

�A
�+,�+ �A

��,��

) /4

i M2

k1�2 � k2�1

i
k1�2 � k2�1

M2
G11 = (A++,++ �A+�,+�

+A
�+,�+ �A

��,��

) /4

Why is it so?

We think
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Calculate "canonical" twist-3 functions. Compare ...



Where is the OAM?



TMDs

Transverse Momentum Dependent PDF

Non-perturbative e↵ects of the intrinsic transverse momentum ~k? of the quarks inside the
nucleon may induce significant hadron azimuthal asymmetries.

[Cahn; Mulders & Tangermans, . . . ]

• Relaxing Time-reversal Invariance ) naiveT -odd functions,

e.g. Sivers & Boer-Mulders functions
[Sivers, PRD41];[Boer & Mulders PRD57.]

• Existence of Final State Interactions at leading-order
[Brodsky, Hwang & Schmidt, PLB 530 ];[Belitsky, Ji &Yuan NPB 656.]

• The gauge link: + + + + . . .

0th order, No gauge link �! T-odd fct = 0

Existence of scaling FSI �! T-odd fct 6= 0

A. Courtoy (Valencia) TDAs 13/10/09 33/39

Landshoff, Polkinghorne and Short, NPB28

Leading-order ⇔ 2-body scattering

Example: 

Sivers function

• T-odd, so not allowed as if 2-body scattering
• Needs a third body: different symmetries, more flexibility
• That 3rd body comes from the gauge link→ final state interaction

Here? 

What is the concept of twist when adding (hard) scales?

CoM 2-body scattering must occur on a plane

CoM frame with p in z direction: leaves 1 transverse direction (related to θ)


