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Key Issues

> Relevance of time- and normal-ordering in operator definitions of
(non-forward) parton distributions
[previous discussions: Jaffe (1983), Diehl, Gousset (1998)]

v

Relationship of the polynomiality condition for GPDs and the
problem of operator ordering

v

Positivity constraint and operator structure of GPDs

v

Outlook
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Introduction

Time-evolution:
— Heisenberg representation

W(t)w = const , i0:9u(t,X) = [H, du]

— Interaction representation

I8t|w(t)> = I:Iint(t) |\U(t)> ) Iaté(ta )?) = [":I07$] ) ":I = ":IO + I:Iint )

Ao (1) = / d*x H(X)

|[W(t)) =U(t,0) |W(0)) , U(t,0)=T exp {—i/o dt'l-Alim(t’)}
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Introduction

n—point connected Green's function in the interaction representation

G (x1,%2, ... Xn) =

(0] T[p(x1)p(x2)---(xa) S] 0)
(0[S]0)

(0] T[¢(x1)(x2)--¢(xn)]n 0) =

S = U(o0, —0)
Heisenberg field operator ¢p(x):

Yi(x) = U'(t,0)p(x)U(t, 0)
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Introduction

Ordering in two-point fermion operator product

Tl (x) () S] = (x,y)+

by W [(ate)n 3 0 T0) (G .. (V)

pairing

Relation between the time-ordered products of two fermion fields in the
Heisenberg and in the interaction representations:

Tl (x) (y) S] = U(00,0) T[n(x) ¥ (y)]U(0, —o0)
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Introduction

Connected fermion propagator

(0] Tl () (x)S] 0) _
So

5(xy) = 0l Tlon(x) Yu(y)] 10)"

Hadronic matrix element of the time-ordered operator product instead of
the vacuum average — the terms related to the matrix elements of the
normal-ordered operators do not vanish

{p2| T[¥:(x) ¥(y) 8] |pr) =

G (r)lpalpn) + 3 [(*Onlpal + H(E)CHE Gixon DG+ i)+

nl,_j

+("“N > 2 :ordered:")
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Introduction

Connected matrix element of the time-ordered operator product

(P2 T[w(X)qz()/) S] [p1)c =
Z/ (d*€)n( (€)Cal&i &3 X, ¥)(E) 1) +(“N > 2 :ordered: ")

ni,j

In the Heisenberg representation:

> [(@upal + 9(E)Col& G % 1)(E) o) +(N > 2 ordered:’) =
{p2| = ¥ (x)¥(y) : [p1)¢
(pel TLHGIT) ] or)e = ol - 90T - 1)

(p2] : 0(x)¥(y) : p1)d = (P2l T (x) P(¥)] |pr) e

1.0. Cherednikov Space-Time Structure of Polynomiality



Factorized DVCS Amplitude

The DVCS amplitude in the interaction picture

Ay = / dEdne™ T (o] TJEM () JE(E)S |pr)e
A= (po| : D) S — E) 7 (€) : |p1)c + .-
O(x,€) = / d*kd(x — k- n)d*z (72722 x (py| TP(0)1(2) S |p1)c

In the Heisenberg representation:

O(x, ) = / d'Kk(x — k- n)d'z €6BD7 (o] L T(0)(2) : |po)
d(x,£) = / d*kd(x — k- n)d*z e *=2/2D2(p,| T(0)Y(z) |p1)¥

= /dk‘d2kr S(xPT, k™, kT &)
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Factorized DVCS Amplitude

In connected matrix elements, the time-ordering and/or the
normal-ordering are equivalent in the GPDs

o1 [yt o] = {Hi; H, E; ..}

Consider the commutator and anti-commutator separately:

d(x) = dbI(x) + ol-H(x)

ob-l(x) %/d‘lké(x— k- n) d*ze’=A/27 (p| [15(0), 4(2)] | pr)

OL10) = 5 [ dkalx—ken) dze 21207 c(a) (] (i(0), w(2)) |on)
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Factorized DVCS Amplitude

/ d*z(20) e KA/22 (| G(0)(2) |py)

—0o0

N~

N 1 - _ - _
_p = sk _pLp P AH(p H
Lty (6 P P (pel SOIPOEIPRIVO) o0

If anti-commutator vanishes, the time-ordered product can be replaced by

the ordinary product of operators
However: in the collinear kinematics and in the factorization regime with
t ~ 0, the matrix element of the fermion anti-commutator does not

vanish!
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Factorized DVCS Amplitude:
A toy model for the box diagram

Y(q) + Alp) = (q") + Alp2)

Kinematics

n2:p2:O7 p-n=1, g[y:g/w*punufpunu

M2
p2 = (1—§)P+(1+5)7”+AT/2

2 —_

M
p=0+Op+ 185 n-A7/2, g=P-¢n, Q=(q+4q)/2

A% —t
462 7’

P=(pi+p)/2, A=pp—p , PP=M= A=t

We work in the collinear kinematics: A+ ~ 0
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Factorized DVCS Amplitude:
A toy model for the box diagram

Twist-2:

1
Ay = / e trly S(xP+ Q)77 ] / d*k 6(x—k-n) O1 (k) + “crossed”
—1

d)th](ng) =
/(d“k) S(x— k- myob (k) &

8 [ (@) 80— k) D(k—P)a(p2) 1o Sk + /2) 7" S(k = 5/2) 1 u(p)]
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Factorized DVCS Amplitude:
A toy model for the box diagram

p1 k—P P2 p1 k+P P2

1 — channel § — channel
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Factorized DVCS Amplitude:
A toy model for the box diagram

Define the structure integral
O (x.£) = d(p2) ) (x, ) u(pn) .
GPD:

70 (x, ) = / (dk ),z'f(sz)z H(x,€)

H(x, &) = 0(—¢§ <x <¢§) {25(1_2) - 11_22} —0(E<x<1) 1-
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Polynomiality of the GPDs

GPD in terms of the commutator and anti-commutator contributions

H["'](X,f) =—0(-{<x<1) 11—_7;
HE-3(x,€) = 0(—¢€ < x < €) 25(1_2)

/ldXin H(x,&) = - 201 = &%) =+ &2+ ..+ "
1 O (2n+1)(2n+2)(1 —€2) 0T C B e,

2(1 _ €2n+2)

= 2 2n
(2n+2)(2n+3)(1 - €2) do+h&%+...4dané

1
/dxx2"+1 H(x,&) = —
21
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Polynomiality of the GPDs
Check the polynomiality for the commutator and anti-commutator
contributions separately

1

/dxx HU(x, €) =

-1

1
/dxx” Hi-H(x, &) = —
21

with azk—1 = —bax—1
The anti-commutator contribution is necessary to satisfy the model

independent polynomiality condition and, therefore, cannot be discarded
by default
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Analysis of the Positivity Constraint

Cauchy-Bunyakovsky-Schwarz inequality

()2 < (6 x) (v, y)

Formal proof

0 < (Ax+y, Ax+y) = X(x,x) + 2\(x,y) + (y,y)

Determinant

D = (2(x,y))* = 4(x,x){y,y) <0

— constraints to matrix elements
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Analysis of the Positivity Constraint

Cauchy-Bunyakovsky-Schwarz inequality

2

[ d*kstxten) {5((P— F) |3 (P = KI6w 0 )+ (P K O} +

2

S((k+ 82| (k+ 2l wL0) [+ (k + 51 .(0) [0)"

Characteristic equation

NA+AB+C>0
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Analysis of the Positivity Constraint

A= / d*k3(x — k- n)S((P — k)?) (palts] (0P — K} (P — K[t (0)]p2) ¥+

[ ko ten)a((e8/2) 2.~ (0) I 5 ) (ke 5 1 0) = o)

B = [ a*ko(x— k- (P —K?) (pol w1 (0)1P — k)(P— Kl (0) )+

[ =k ma((h B/27) (ool O)lkc+ 5 (k5 10 00

+(p1 <> p2)

c- / d*kd(x — k- n)3((P = k)?) {pulL (0)]P — ) (P — Kl (0) py) "'+

d*ki(x — k- mo((K + A/2)%) (O (0)1k + 2k + T 1L (0)10)*

—
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Analysis of the Positivity Constraint

D=B?>—-4AC<0
] {1} ’
[HS(A><X,5) T Hi (x,s)} < [q(xZ) T D(xQ)} [qm) n cmﬂ
DGx) = [ d*kilx— k- n)d*z 2% (oo, ] 1 (0L (O) )"

C(x) = /d“k 8(x — k- n)d*z e=2/2:2 (0| 4, (2)11 (0) |0)
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Conclusions

» In the collinear kinematics and in the factorization regime t ~ 0 the
matrix element of the fermion anti-commutator is not equal to zero

> Non-vanishing of this contribution is related to the fulfiiment of the
polynomiality condition for the GPDs

> A new (positivity) constraint for the GPDs suggests the
contributions from the forward distribution and the quark
condensate
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